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Chapter 1

Introduction

These notes are partially based on notes written by Zavosh Amir Khosravi
(which are in their turn partially based on notes written by Serin Hong) as well
as books by Davenport and Stein.



CHAPTER 1. INTRODUCTION



Chapter 2

Numbers, factorization,
prime numbers and the
simplest Diophantine
equations

2.1 The numbers

The set of natural numbers N = {1,2,3,---} is the most basic; As Kronecker
said, ”God made the integers, all else is the work of man”. We have addition
of natural numbers, multiplication, as well as the order relation (the relation
m < n, which can be characterized through addition as saying: there exists ¢
s.t. n=m+ ¢). We will not rigorously define all this, and will not make a list
of properties. A very nice possible approach is to define the natural numbers as
a set N together with an element 1 € N and a function s : N — N (thought of
secretly as s(n) = n + 1), such that:

1. 1 is not in the image of s.
2. s is injective (i.e. if s(m) = s(n) then m = n).

3. If a subset S C N satisfies 1 € S and s(n) € S for every n € S, then
S=N.

All can then be patiently constructed and proved from these axioms (in the
setting of axiomatic set theory). Notice that the last axiom is a reformulation
of the principle of mathematical induction:

Principle 2.1.1. Let P(n) be a statement, depending on n € N. Assume that:

e P(1) is correct.
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o For every n € N, if P(n) is correct then P(n + 1) is correct.
Then P(n) is correct for every n € N.

It is not hard to show that this principle is equivalent to the following one,
which is more convenient sometimes:

Principle 2.1.2. Let P(n) be a statement, depending on n € N. Assume that:
e P(1) is correct.
e [For everyn € N, if P(m) is correct for all m < n, then P(n) is correct.
Then P(n) is correct for every n € N.
As an example of using this principle, let us show:

Proposition 2.1.3. Let S C N be a subset. If S is non-empty, then there exists
a minimal element in S, i.e. an element m € S such that for every n € S we
have m < n.

Proof. Let us consider the statement P(n): If for a subset S C N one hasn € S,
then S contains a minimal element. If we know all P(n)’s to be correct, the
proposition will follow, since given a non-empty S, there exists n € S, and then
by P(n) we will know that S contains a minimal element. “Base of induction”:
The statement P(1) is correct, since if 1 € S then 1 is a minimal element in
S (as it is minimal in the whole N). “Step of induction”: Let now n be given
and assume that P(m) is correct for all m < n; We want to establish P(n). Let
then S C N be such that n € S. If n itself is minimal in S, we are done. If
not, there exists m € S such that m < n. Then by the correctness of P(m) we
deduce that S contains a minimal element. O

One can then consider “artificially” formal differences m —n of natural num-
bers, with the identification of m — n with m’ —n’ whenever m +n’ = n +m’.
This gives the set of integers Z. One can define addition, multiplication and the
order relation on Z, and prove all desired elementary properties. In particular,
one has the once-avantgarde element n — n, which does not depend on n and
denoted 0. It is common to think that once upon the time it was not clear, why
one needs a symbol for “nothing”.

2.2 Divisibility
Definition 2.2.1. Let m,n € Z. We define m|n (in words: m divides n or n is
divisible by m) if there exists k € Z such that n = m - k.
Lemma 2.2.2. Let k,m,n € Z. One has:
1. 1ln, n|n, —n|n.

2. klm and mln = kn.
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3. m|n and njm <= m € {n,—n}.
4. klm and kln = klm +n.
5. klm = k|lmn.
Proof.
l.n=n-1,n=1-n,n=(=1)(—n)...
22m=k-q,n=m-q@ = n=k-(q1q)

3. If m = 0 or n = 0 then the statement is clear, so let’s assume m # 0 and
n#0. If wehaven=m-q;,m=n-qy then n =n-(g2-¢q1). Since n # 0,
we get 1 = g2 - ¢1. By Lemma 2.2.4 that follows, we obtain ¢; € {1,—1}
and the claim follows.

4. m=kq,n=kqg = m+n==k(q + q).
5. m=kq = mn=k(¢qn).
O

Definition 2.2.3. Let n € Z. We say that n is invertible if there exists m € Z
such that 1 =m - n.

Lemma 2.2.4. The invertible elements in Z are 1 and —1.

Proof. Clearly 1 and —1 are invertible (1 =1-1,1 = (=1)-(—1)). The element
0 is not invertible (because m - 0 = 0 for all m, so there is no m for which
m -0 =1). If |n| > 1 then n is not invertible because then |mn| > 1 for m # 0
and mn = 0 for m = 0, so in no case can we have mn = 1. O]

Remark 2.2.5. Let us say that n,m € Zy are associate, if m|n and n|m.
Equivalently, by Lemma 2.2.2, if m € {n, —n}. This is an equivalence relation.
In terms of divisibility, we should not distinguish associate numbers. Thus,
when studying gcd’s, primes and so on, it is in fact “most correct” to do so in
terms of the equivalence classes of the above equivalence relation. The set of
equivalence classes is in clear bijection with Z>o (each equivalence class has a
unique non-negative element).

Remark 2.2.6. If n is divisible by d and d # 0, there exists a unique m € Z
such that n = md. We denote this m by 7.

2.3 Division with remainder
Theorem 2.3.1. Let m € Zyo and n € Z. There exists a unique pair (q,7) €

Z x [0,|m| — 1] for which
n=qm-+r.
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Proof. Let us prove uniqueness first. If (¢1,71), (g2, 72) € Z x [0, |m| — 1] are two
pairs such that n = ¢ym+ry and n = gam + 1y then we get ggym+1r1 = gem+1ro
50 (¢2—q1)m = r1 —r2. Notice that we have r; —ry < (Jm|—1)—0 = |m|—1 and
also ry —ry > 0—(|m|—1) = —(Jm|—1), in other words |r; —ra| < |m|—1. But,
on the other hand, |(g2 — g1)m| > |m| if g2 — q1 # 0, i.e. if ¢1 # g2. Therefore
we must have g1 = ¢o. Then from the equation ¢ym + r; = ¢gom + ro we also
get vy = ro.

Now let us establish existence. We can assume that n > 0 because if —n =
gm + r then n = (—¢)m + (—r). We proceed by induction on n. Base case:
n = 0. Then the pair (0,0) works. Induction step: Assume that the existence
claim holds for some n > 0, and let us show it for n + 1. Write n = gm + r. If
r < m — 1, then the pair (¢, + 1) works for n+ 1. If r = m — 1, then the pair
(¢ +1,0) works for n + 1. O

2.4 gcd and Euclid’s algorithm

Definition 2.4.1. Let m,n € Z and let d € Z. We say that d is the greatest
common divisor of m and n (abbreviating “gcd”) if:

1. d|m and d|n.
2. For every e € Z satisfying e|m and e|n, one has e|d.
Lemma 2.4.2. Let m,n € Z. Any two ged’s of m and n are associate.

Proof. If d,e are both ged’s of m and n, then by the definition we have e|d
because e is a divisor and d is a ged, and in the same way we have d|e. Thus d
and e are associates. O

Remark 2.4.3. One should interpret the above lemma as saying that the ged is
unique, by our remark above that associate numbers should not be distinguished
when talking about divisibility.

Theorem 2.4.4 (Euclid). Let m,n € Z. Then there exists a ged for m and n.

Proof. The proof is via an algorithm (“Euclid’s algorithm”)/induction, using
Lemma 2.4.5 that follows.

1. If m = 0, it is easy to see that n is the gcd of m and n.

2. If m # 0, we perform division with remainder, writing n = gm + r with
r € [0,|m| — 1]. Then by Lemma 2.4.5 below, the gcd of m and n will be
the same as the ged of r and m, so we replace the pair (n,m) with the
pair (m,r). and return to the first step.

The algorithm will end: If m = 0 this is clear; if n = 0 this is clear (after
the swap of the second step we will have m = 0); if |n| = |m| also clear because
after the second step we will have m = 0; if |n| < |m| then after the second step
we will have |n| > |m|; and finally, if |n| > |m/|, then maz{|m|, |n|} becomes
strictly smaller after the second step.
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Lemma 2.4.5. Let n =qm+r. Then if d is the ged of v and m, it is also the
ged of m and n.

Proof. Since d|m, we have d|gm. Then, since d|gm and d|r, we have d|gm + r,
i.e. d|n. Furthermore, if e|m and e|n, we have e|n — gm, i.e. e|r, and therefore,
since d is the ged of r and m, we get e|d. O

Example 2.4.6. Let us find the ged of —1740 and 522:
o —1740 = (—4) - 522 + 348.
e 522 =1-348+4174.
e 348 =2-17440.
Therefore, the ged of our two numbers is 174 (or —174).

We will denote the ged of the numbers m and n by ged(m,n). For conve-
nience, we will usually mean by that the non-negative representative of the set
of ged’s (which is an equivalence class for being associate).

2.5 Ideals and gcd

Definition 2.5.1. Let I C Z be a subset. We say that [ is an ideal, if the
following hold:

1. 0el
2. If m,nelthenm+nel.
3. If mel and n € Z, then mn € I.
Example 2.5.2. Let d € Z. Consider then
(d):={meZ|dm}={meZ)|Jest. m=ed}.
It is easy to see that (d) is an ideal.

Remark 2.5.3. The previous example shows that we can think of an ideal as a
set of numbers which potentially can be the set of all numbers that are divisible
by a given fixed number.

Example 2.5.4. Let dq,...,d, € Z. Consider then
(di,...,dy):={m € Z | er,...,e, st. m=eydy +...+e.d;}.
It is easy to see that (dy,...,d,) is an ideal.

Proposition 2.5.5. Let I C 7Z be an ideal. Then there exists d € Z such that
I =(d). Any two such d’s are associate.
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Proof. 1t is clear that if (d1) = (d2) then d; and dy are associates, so we are left
with proving the existence.

If T has no elements other than 0 then I = (0) and we are done. Otherwise,
there exists m € I such that m # 0. Since —m = (—1) - m € I, and either m or
—m is positive, we see that I NZ~¢ is non-empty. Let d be the minimal element
of I NZsg. We claim now that I = (d). First, notice that d € I and therefore
md € I for every m € Z, and hence (d) C I. Conversely, let m € I (we want
to show that m € (d). We perform division with remainder: m = gd + r where
0<r<d—1. Sincem € I and d € I we have r = m—qd € I. By the minimality
of d, we therefore must have » = 0. Hence m = ¢d and so m € (d). O

Remark 2.5.6. Therefore, the ideals in Z are in bijection with equivalence
classes of integers up to being associate. In fact, the “correct” way of thinking
about divisibility issues is in terms of ideals.

Discussion 2.5.7 (ged via ideals). Let now m,n € Z. By Proposition 2.5.5,
there exists d € Z such that (d) = (m,n). We claim that d is the ged of m and
n. Indeed, since m € (m,n) = (d), we have d|m. Similarly, d|n. To proceed,
notice that since d € (d) = (m,n), there exist f,g such that d = fm + gn.
Then, if some e satisfies e|m and e|n, we obtain e|fm + gn = d. This concludes
showing that d is the ged of m and n.

Remark 2.5.8. The last discussion teaches us that the ged of m and n is
an integral linear combination of m and n, i.e. that there exist f,g such that
d = fm+gn. This also follows easily from Euclids algorithm, as we demonstrate
in the next example.

Example 2.5.9. We found earlier that 174 is the gcd of —1740 and 522. Let
us find how the former can be expressed as an integral linear combination of the
latter:

174 = 1-522+4(—1)-348 = 1.522+(—1)-(1-(—1740)+5-522) = (—4)-522+(—1)-(—1740).

2.6 Linear equations in two variables - existence
of solutions

Let us apply the above to study the solutions of a linear equation mx +ny = r
(here m,n,r € Z and we seek solutions (z,y) € Z?2).

Proposition 2.6.1. The equation mx + ny = r has a solution if and only if
ged(m,n)|r.

Proof. This is clear in view of the above theory, since the existence of a solu-
tion to the equation is, by definition, equivalent to the statement r € (m,n).
Denoting d = ged(m,n), we have (m,n) = (d) and therefore the existence of a
solution to the equation is equivalent to r € (d), i.e. to d|r. O
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2.7 Relatively prime numbers

Definition 2.7.1. We say that m and n are relatively prime if ged(m,n) = 1.
Equivalently, if no d > 1 divides both m and n.

Lemma 2.7.2. The equation mx + ny = 1 has a solution if and only if m and
n are relatively prime.

Proof. The equation ma + ny = 1 has a solution if and only if ged(m,n)|1,
which in turn is equivalent to ged(m,n) = 1. O

Lemma 2.7.3. Suppose that either m or n is not zero. Denote g := ged(m,n).
Then % and % are relatively prime.

Proof. We can write xm + yn = ¢g. Then, dividing by g, we obtain x% + y% =
1.

Lemma 2.7.4. Let m and n be relatively prime. If m|ne then m|e.

Proof. Write 1 = fm + gn. Then e = 1-e¢ = fme + gne. Clearly m|fme and
m|ne|lgne. Hence m|fme + gne = e. O

Lemma 2.7.5. Let m and n be relatively prime. If mle and nle then mnle.

Proof. Since mle, we can write e = km for some k. Since nle = km and n is
relatively prime to m, by the previous lemma we obtain n|k. Thus we can write
k = ¢n for some ¢. Then e = km = fnm, i.e. nm|e. Write 1 = fm 4 gn. Then
e =1-e= fme+ gne. Clearly m|fme and m|ne|gne. Hence m|fme + gne =
e. O

Lemma 2.7.6. Suppose that m and n are relatively prime, and that k and n
are relatively prime. Then mk and n are relatively prime.

Proof. Write em + fn =1,gk + hn = 1. Then
1= (em+ fn)(gk + hn) = eg - mk + (emh + fgk + fhn) - n.

O

2.8 Linear equations in two variables - finding
all solutions

Proposition 2.8.1. Suppose that either m or n is not zero. Suppose that the
equation mz +ny = r has a solution (xo,yo). Denote g := gcd(m,n). Then the
general solution of the equation is:

n m
(LUO — —t,y0 + *t), t e Z.
g g
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Proof. First of all, (xg — % Yo + %t) is indeed a solution for every t € Z:

n m
m(xg — Et) + n(yo + Et) =r.

Next, let (x1,41) be a solution. We will assume that m # 0 (the case n # 0 is
dealt with analogously). We have

m(x1 — xg) + n(y1 — yo) = 0.
Therefore m|n(yy — yo), and thus {2 (y1 — yo). Since * and 2 are relatively
prime, we have % |y1 —yo. Therefore there exists ¢ € Z such that %t = y1—Yo, O
Y1 = yo—l—%t. Substituting this into the equation, we obtain m(x; —xo)—i—%t =0

and so, since m # 0, 1 — o + 5t =0, or 1 = xo — Ft.

2.9 Primes

Definition 2.9.1. Let p € Z>; be not equal to 1. We say that p is prime if for
all m,n € Z>, one has the implication:

p=mn = p=morp=n.
In other words, if m € Z>; satisfies m|p then m = p or m = 1.
We have the following property:

Lemma 2.9.2. Let p be a prime and n € Z. Then either p|n or p and n are
relatively prime.

Proof. ged(p,n) divides p, and hence is either p or 1. If it is p then p|n. If it is
1, then p and n are relatively prime. O

We have the following important characterization of primes:

Claim 2.9.3. Let p € Z>1 be not equal to 1. The following conditions are
equivalent:

1. For all m,n € 7Z one has the implication:

plmn = p|m or p|n.

2. p is prime.

Proof. Suppose that the first condition holds. If we have p = mn, then in
particular p|mn and therefore p|m or pln, let’s say the first. Then we have
p|m but also m|p (because p = mn) and therefore p and m are associates, and
therefore are equal (as both are positive).

Conversely, suppose that the second condition holds. Suppose that we have
p|mn. Then by Lemma 2.9.2 either p|m, in which case we are done, or p and m
are relatively prime, in which case p|n by Lemma 2.7.4. O
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Remark 2.9.4. Again, it is more correct to talk about primeness of equivalence
classes of integers up to being associate (and thus, in fact, about prime ideals).

Theorem 2.9.5 (Euclid). There are infinitely many primes.

Proof. If there are finitely many primes, say pi,ps,...,pr, we can form the
following number:

n:=py-p2-(...) pr+1
By Lemma 2.9.6 that follows, there exists a prime p such that p|n. Then for

every 1 < i < r we have p # p;, since p;|n would force p;|1. Hence there is a
new prime p, contradicting pi, pe, ..., p, being all primes. O

Lemma 2.9.6. Let n € Z>,. Then either n =1 or there exists a prime p such
that pin.

Proof. We proceed by induction on n. For n = 1 the claim is clear. Let n > 1
and suppose that the claim holds for all numbers in [1,n —1]. If n is prime, the
claim is clear for n. If not, then there exists m € Z>; such that m|n but neither
m = n nor m = 1. Thus, by the induction assumption, there exists a prime p
such that p|m. Since m|n, we get p|n and we are done. O

2.10 Factorization into primes
Theorem 2.10.1. Let n € Z>;.

1. There exists a list of primes p1,...,pr such that

n=pip2:--pPr
(n =1 is considered to be a product of an empty list of primes).

2. If q1,...,qs is another list of primes such that

n=4qqz-- (s,

then the two lists are the same up to reordering;, That is, for every prime
p, the number of 1 < i < r for which p; = p is equal to the number of
1< j < s for which ¢; = p.

Proof. For existence, we proceed by induction on n. If n = 1, we should consider
it as the product of the empty list of primes. Assume thus that n > 1. If n is
prime, then it is the product of the list n consisting of one prime. If n is not
prime, by Lemma 2.9.6 there exists a prime p such that p|n. Since % <n, we
can assume by induction that % = py ---p, for some primes pi,...,p,. Then
n=pi-pr-p.

The uniqueness claim will be clear from the following characterization: The
number k of 1 < i < r for which p; = p is the unique number for which p* divides
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n and p**! does not divide n. Indeed, clearly p* divides n. Showing that p**!

does not divide n is equivalent to showing that p does not divide 7. Notice

that = is written as a product of primes, non of which is p. Therefore p does

pk
not divide it (because if it would, it would divide on of the primes appearing in
the product, and therefore would be equal to it). O

We can rephrase the unique factorization into primes as follows. Let us
consider the set of primes P C Z>;. Let us denote by Exp the set of functions
o : P — Z>q for which

{pePlalp) #0}
is finite. Thus, more concretely, ordering the primes
P <p2<...
we can depict « as a sequence
a(pr), a(p2), .- -

all of whose entries are 0 after a certain point. For every a € Fxp, we can form
a well defined product
H p®)

peP
because almost all (i.e., all except finitely many) terms of the product are equal
to 1, so we can disregard them.

Proposition 2.10.2 (Unique factorization). One has a bijection
Exp — Z>,

given by
o Hpa(p).

P
Example 2.10.3. One has

819=20.32.50.71.110. 131 . 179 . .. ..

2.11 Another proof of Euclid’s theorem

Let us sketch a different proof of the fundamental Theorem 2.9.5, which requires
some knowledge of analysis (due to Euler). Consider the infinite sum of positive

numbers:
1_1+1+1+
n 1 2 3 7

By the unique factorization into primes, one can write this as a product:

1 1 1 1 1
Z n:H<p()+pl+pQ+...>:H1_p_1.

n€EZL>1 pEP peP

Therefore, would there be finitely many primes, the sum would converge. But,
by basic analysis, this sum does not converge.



2.12. STATISTICS OF PRIMES 17

2.12 Statistics of primes

One can think as follows. The additive structure of Zx>; is very simple. The
multiplicative structure of Z>1 is also very simple (as evidenced by proposition
2.10.2). What is highly complicated is the relation between the two structures.
One of the basic questions one can ask about this relation is something as
follows: The m-th prime number, how many times one should add 1 to itself
to obtain it? Much more than m? Quite equivalently, one can ask how many
primes one has in the interval [1, n] for a given n.

Let us denote therefore by 7(n) the number of prime numbers in the interval
[1,n]. Euclid’s theorem gives the most basic information, that

nh_)rrgo m(n) = oo,

One has the much more precise very famous theorem:
Theorem 2.12.1 (Prime number theorem). One has

lim m(n)

n—0o0

=1

in(n)

In other words, for every 0 < € there exists N such that for n > N the ratio
%n) of primes in the interval [1,n] lies between Z}Lﬁ and h%;)
Example 2.12.2. The number of primes between 1 and n := 1000000 is 78498.
On the other hand, % ~ 72382.
Let us give a very very crude heuristic for the prime number theorem (which
will be unsatisfying, but a start). First, notice that if a number m is composite,
then it has a prime factor < y/m (this is since it has at least to prime factors, and
if those two are > 1/m, their product, and even more so m, is > m). Therefore,
if we want to count primes in [\/n,n], we need to remove all numbers divided
by primes < y/n. The proportion of numbers not divided by p is around 1 — %.
Therefore, crudely assuming that to not be divided by primes are independent
events, we get that the proportion of primes in the interval [\/n,n] is around

= IL0)

p<v/n
We have:
1 1 1
-1
ot =] == > S S ()
p<y/n m which can be written m<n

as a product of primes < /n

and thus a ~ ﬁ
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In fact, a better approximation to 7(n) than n/in(n) is

odt
Li(n) := / —
2 In(t)
(it kinds of aggregates all the local densities ﬁ adjusting them as we travel
along the line).

Example 2.12.3. One has Li(1000000) = 78626 - much better!

One has I
im 2
nTreo in(n)

and therefore the prime number theorem is equivalent to

7(n)

o0 Li(n)
The hyper-celebrated Riemann hypothesis is equivalent to the statement that
m(n) — Li(n)| = O(Vn - In(n)),
which means that there exists C' > 0 such that

[r(n) - Li(n)| < C - (V- In(n)).

Remark 2.12.4. Gauss (around the age of 15) made tables of Li(n) and con-

jectured that the density of primes around a given number n is around m

2.13 gcd and lem in terms of prime factorization

Given m,n € Z>1, let us write

m = Hpa(p), n = Hpﬁ(p).

peP peP

Then it is easy to see that m|n if and ounly if a(p) < B(p) for all p € P. It is
therefore easy to see that

ged(m,n) = H pmin{a®).8(p)}
pEP

We can also define the lowest common multiple of m,n as a number &k such that
m|k, n|k and additionally if m|¢ and n|¢ for some ¢, then k|¢. Then it is easy
to see that
lcm(m’ n) = H pmaa:{a(p),ﬁ(p)}.
peEP
Remark 2.13.1. We see that

lem(m, ) mn
em(m,n) = ———~
’ ged(m,n)

(because maz{a,b} = a + b — min{a,b}).



2.14. PYTHAGOREAN TRIPLES 19

2.14 Pythagorean triples

Definition 2.14.1. A Pythagorean triple is a solution (z,y,z) € Z* to the
equation

2 + y2 = 22
In other words, we are seeking right-angle triangles whose side lengths are inte-
gers.

Definition 2.14.2. A Pythagorean triple (z,y,z) is said to be primitive, if
x,y, z are relatively prime (equivalently, some two numbers out from z,y, z are
relatively prime).

Given a Pythagorean triple (z,y, 2), let ¢ = gcd(z,y,2). Then the triple

(%, %, 3) is a primitive Pythagorean triple. And of course conversely, if (z,y, 2)
is a Pythagorean triple, then so is (dx, dy, dz). This shows that it is enough to

understand primitive Pythagorean triples.

Let (x,y, 2) be a primitive Pythagorean triple. We can assume that z,y, z >
0 (all other possibilities are easily recovered from those). Exactly one out of z,y
is even; Indeed, if both z, y are odd, then writing x = 2x¢o+1,y = 2yo+1, z = 229
we obtain 22 + 4?2 =4(---)+2and 22 =4(---)so 22 +y? — 22 =4(--- )+ 2, s0
it can’t be 0.

Suppose then, without loss of generality, that = is even and y is odd - all
other possibilities will be easily recovered from those. Write x = 2xy. Then

2

daf =2 —yP = (z—y)(z +y).

Notice that
ged(z —y, 2 +y) = ged(z — y,2y) = 2 ged(z — y,y) = 2+ ged(2,y) = 2.
Therefore, we can write z —y = 2m, z + y = 2n and ged(m,n) = 1. We obtain
T3 = mn.

Since m and n are relatively prime, it follows easily that m and n are squares -
m =m,n =n3. We obtain

T g = "o+ my
and
y:_Z—y Z+ZU_ 2 2
2 2 0 0>
and thus
2?2 =22 —y? = dn2m?,
SO

T = 2ngmy.
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Now, conversely, for integers myg, ng the triple

(2nomo, n§ —mg, ng +mj)
is a Pythagorean triple, which is primitive if ged(ng, mg) = 1 and one of ng, mg
is even.

Now we present a different approach to Pythagorean triples, a geometric
one. A point (z,y) € R? is said to be rational, if z,y € Q. For a subset A C R?,
we denote

Ag ={(z,y) € A| 2,y € Q}.

Imagine the unit circle in the Cartesian plane:
S:={(X,Y)eR? | X2 +YV?=1}.

Given (X,Y) € Sg, we write

where w, z € Z>1 and
ged(x, z) =1, ged(y, w) = 1.

We must have z = w; Indeed,

w?a? + 242 = 22w?

and this shows easily that divisors of z are also divisors of w and vice versa.
Therefore,

Ty
X,v)= (%Y
(xv)=(2Y)
with
ged(z, z) =1, ged(y, z) = 1.

We see that (z,y,z) is a primitive Pythagorean triple. Conversely, given a
primitive Pythagorean triple (z,y, z) we can form the point

(2. Y) e sq.

2z
This shows that Sg is in bijection with the set primitive Pythagorean triples
(z,y,2) with z > 0.

The question now is how to construct points of Sg.

We say that a line L C R? is rational, if it can be written in the form
L={(z,y) €R® | ax + by = c}

for some a, b, c € Q (where (a,b) # (0,0)).
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Lemma 2.14.3. 1. Let L, M C R? be two rational lines. Then all points in
LN M are rational.

2. Let L C R? be a rational line. Then if one of the points in LNS is rational,
so are all.

Proof.

1. This follows from the method of solving a system of two linear equations in
two variables by substitution - all we do is multiply/divide/add/substract
the coefficients, to obtain the solutions.

2. Writing axz+by = c for the equation of L with rational coefficients, suppose
b # 0 (the other case, a # 0, is dealt with analogously). Then we can
rewrite

L={(z,y) eR* |y =cx+ f}

for some e, f € Q. Then the intersection points L N S correspond to z for
which

(1+e*)a? +2efr+ (f2—1)=0.

So if there are two intersection points (the case of 0 or 1 intersection
points is clear), they correspond to two roots x of the equation. But
if a quadratic equation ax? + Bz 4+ v = 0 with rational coefficients has
one rational root, then the other root must also be rational, since the
sum of the roots is equal to —g. Therefore the x-coordinate of the second
intersection point will be also rational, and therefore also the y-coordinate
(because y = ex + f).

O
Let us consider now
L:={(X,Y)eR? | Y =0}

(the x-axis). It is not hard to see that there is a bijection between Lg and
So \ {(0,1)}, as follows: to P € Lg we associate the unique intersection point
of S with the line passing through P and (0,1). And to P € Sg \ {(0,1)} we
associate the unique intersection point of L with the line passing through P and
(0,1).

Let us compute the concrete form of the bijection. Given (¢,0) € Lg, The
line through (0,1) and (¢,0) has the form

L' ={(0,1) +5(t,0) : s€R}.
We find the intersection points in L’ NS in terms of s, and obtain an equation

(1+t%)s* —2s =0.
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The solution s = 0 corresponds to the point (0, 1). The othe solution is s =
giving the point
2t 1 2
1+t27 14 )

t=—
m

2
12>

Let us write
with ged(n,m) =1 and m € Z>,. Then our point is written
2nm  n? —m?
n?+m?’ ' n?+m2)’

corresponding to the Phytagorean triple

(2nm,n? —m? n* +m?).



Chapter 3

Modular arithmetic

3.1 Definitions and illustrations

Definition 3.1.1. Let us fix d € Z>;. For m,n € Z, we say that m is congurent
to n modulo d, and write
m=gqn

or
m =n (mod d)

if djn —m.
Lemma 3.1.2. The relation =4 is an equivalence relation on Z. In detail:

1. ForallneZ, n=4n.

2. For alln,m € Z, if n =4 m then m =4 n.

8. Foralln,m,k €Z, ifn=gm and m =4 k then n =4 k.
Lemma 3.1.3. Let us perform division with remainder:

n=qd+r, m=qgd+nr
where r1,79 € [0,...,d —1]. Then m =4 n if and only if r1 = rs.
Proof. We have m =4 n i.ff.
din—m = (q1 — g2)d + (r1 — r2).

This happens i.f.f. d|r; —ry. Since |r;—ro| < d—1, this happens i.f.f. 11 —res =0,
ie. ry = ro. O

The congruence relation interacts well with addition and multiplication:

23
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Lemma 3.1.4. If m; =4 mo and ny =4 na, then
my +n1 =q ma + na

and
ming =4 mano.

Proof. Let us prove the second claim, for example. We have
Mmang — miny = ma(ny —ny) + (ma — mq)ng.
Since d|ng —ny and d|mg —mq, we have also d|ma(ng —n1) 4+ (me —mq)ny. O

Since congruence modulo d is an equivalence relation, we can form equiva-
lence classes (which are in this case called residue classes modulo d), i.e. consider
the sets of the form

[n]a={m | m=4n} CZ.

One can also write a bit more explicitly
nla=n+2Zd={n+kd : keZ}.

The set of all residue classes has d elements, and we denote it by Zg;. Each
n’ € [n]q is called a representative of the residue class [n]q.

Example 3.1.5.
73 = {{ ,—6,-3,0,3,6,---}
{-,-5,-2,1,4,7,---} (3.1.1)
{“'7—4r—L2,&8,“'}}

From the last lemma it follows that the set Z4 has well-defined addition and
multiplication: If we need to add/multiply to classes, we choose representatives
of them, add/multiply these integers, and then take residue class of the result.
The point is that the end answer does not depend on the representatives chosen,
thanks to the lemma. For example:

+ |05 | (15 | [2]5
[0]s | [0]s | [1]s | [2]s
(s | [1s | [2]5 | [0]5
25 | [0]s | [1s | [2s
Example 3.1.6. Let us notice that
12 =4 32 =4 1
and
02 =4 22 =4 0.

Thus, for example, the number 25798347 can not be a square, because

25798347 =7 - 100 + 47 =4 3.



3.2. THE CHINESE REMAINDER THEOREM 25

Exercise 3.1.7. Let
€k ... €1€0

be the decimal representation of a number n € Z>q (so here ¢; € {0,1,...,9}).
Show that is divisible by 3 if and only if

€+ €1+ ...+ €
18 divisible by 3.

Solution. Notice that 10™ =3 1. Therefore

n= Z € 10" =3 Z €;-

0<i<k 0<i<k
O

Theorem 3.1.8. There are infinitely many primes which are congruent to 3
modulo 4.

Proof. Suppose, to obtain a contradiction, that there are only finitely many
primes which are congruent to 3 modulo 4 - enumerate them py,po,...,pk.
Consider

n:=4-py-... -pr— 1.

Notice that n =4 3. Would all primes dividing n be congruent to 1 modulo 4,
their product, n, would also be congruent to 1 modulo 4. Hence, there exists
at least one prime dividing n which is congruent to 3 modulo 4. As none of
P1,-...,pr divide n, we obtain a new prime which is congruent to 3 modulo 4,
contradicting the assumptions. O

Remark 3.1.9. In fact, there are also infinitely many primes which are con-
gruent to 1 modulo 4, we will see this later. Anyhow, a much more general
statement holds, a very famous theorem of Dirichlet: Let m be relatively prime
to d. Then there exist infinitely many primes which are congruent to m modulo
d. One can say that the ideas involved in the proof are highly beautiful.

3.2 The Chinese remainder theorem

Remark 3.2.1. Let d,e € Z>, and assume that d|e. Then every residue class
modulo e determines a well-defined residue class modulo d. Indeed, given n € Z,
we associate to the residue class [n]. the residue class [n]s. We only then need
to see that this does not depend on the n chosen to represent the class. Indeed,
if [n']e = [n]e, we have e[n’ — n and thus in particular d|n’ — n so [n']q = [n]4.

In other words, we have a well-defined “forgetting information” map

fraty: Ze — Zg.
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Theorem 3.2.2. Let d,e € Z>; be relatively prime. Let m,n € Z. Then there
exists k € Z such that
k=gm, k=.n.

Moreover, such k is unique modulo de. In other words, the map
f?"gtgE X frgtge 2 Lge = Lg X Ze
s a bijection.

Proof. Let us show uniqueness first. Suppose that ki, ke both satisfy the de-
mands. Then k; =4 ko and k1 =, k2. This means that d|ke — k1 and e|ks — k.
Since d and e are relatively prime, this implies that de|ks — k1, i.e. k1 =4e ko.

Now let us show existence. It is enough to show that there exists r € Z such
that
r=qg1, r=.0.

Indeed, then analogously there exists s such that
§=40, s=.1,

and then & = mr + ns will satisfy what we want. Since d and e are relatively
prime, there exist fi, fo such that fid 4+ foe = 1. Then r = fse is a number as
we desire. Indeed, foe =1 — f1d =4 1 and clearly foe =, 0. O

We can extend this:

Theorem 3.2.3. Letdy,...,d, € Z>1 be pairwise relatively prime*. Letmy,...,m, €
Z. Then there exists k € Z such that

k=ag, m; V1<i<n.

Moreover, such k is unique modulo dy - ... - d,. In other words, the map
H f’l"gtg:""'d" :Zdl'...'dn — H Zdi
1<i<n 1<i<n

s a bijection.

Proof. Let us show uniqueness. Suppose that ki, ks both satisfy the demand.
Then d;|k2 — k1 for all 1 < i < n. Since the d;’s are pairwise relatively prime,
we obtain that dy - ... dp|kes — k1, as desired.

Now let us show existence. Analogously to the previous reasoning, it is
enough to show that there exists r € Z such that r =4, 1 and r =4, 0 for all
2 < i < n. Again since r9,...,r, are pairwise relatively prime, the condition
r =g, 0 for all 2 < ¢ < n is equivalent to the condition r =4,... .4, 0. Since d;
and ds - ... - d, are relatively prime, we can use the previous result, deducing
the existence of r. O

IFor example, the numbers 2,2, 1 are relatively prime but not pairwise relatively prime.
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Exercise 3.2.4. Which integers leave a remainder 1 when divided by 2, a re-
minder 2 when devided by 3, and remainder 3 when divided by 117

Solution. We find a solution to

2z 4+ 3y =1,
say (—1,1). Then
3 =9 1,3 =3 0
and
-2 =9 O7 —2 =3 1.
Therefore

1-342-(-2)=-1
is an integer which is 1 modulo 2 and 2 modulo 3. We now find a solution to
6z + 11y =1,
say (2,—1). Then
—11=1,-11=1; 0

and
12 =6 0, 12 =11 1.

Therefore
—1-(~11)+3-12 =47

is a number as desired. Then the general solution is

AT+ k-(2-3-11), ke Z.

3.3 Invertibility, Wilson’s theorem

Definition 3.3.1. We say that a residue class a € Zg is invertible, if there
exists a residue class € Zg such that af = [1]4. The residue class g is then
called an inverse to . We denote by

Z; CZd

the subset of invertible elements. We say that a number n € Z is invertible
modulo d, if [n]4 is an invertible residue class. We say that m € Z is inverse to
n modulo d if [m]q is inverse to [n]q (ie. if mn =4 1).

Example 3.3.2. Set d = 10. Consider n = 3. Then one finds that 3-3 =19 —1
and 0 3-(—3) =19 1, so —3 is inverse to 3 modulo 10 (if you wish, 7 is inverse to
3 modulo 10). However, 2 does not have an inverse modulo 10: 2 times anything
is even, so can’t be of the form 10k + 1 (i.e. 1 modulo 10). So [3]10 € Z;, and
2o & 25
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Lemma 3.3.3. The inverse of a residue class, if exists, is unique (concretely,
if min =4 1 and man =4 1 then my =4 ma2).
Proof. Let a € Zg and let 81, B2 € Z4 be two inverses of . Then
B1=P1-[la=B1-(af2) = (fra) - B2 = [1]a- B2 = Pa.
O

Definition 3.3.4. If a € Zg is invertible, we will denote by o' € Z, its inverse
(we saw that it is unique, if it exists).

Example 3.3.5. Thus, [3]7; = [~3]10-

Remark 3.3.6. Notice that [1]q € Z), if o, 8 € Z then o € Z), and if
a€Z) thena '€ Z].

Claim 3.3.7. n is invertible modulo d if and only if n is relatively prime to d.

Proof. n admits an inverse modulo d i.f.f. there exists m s.t. d|(mn — 1). This
happens i.f.f. there exist m,k s.t. mn — 1 = kd, i.e. mn+ (—k)d = 1. As we
saw earlier, the possibility of writing 1 as an integral linear combination of n
and d is equivalent to n and d being relatively prime. O

Corollary 3.3.8. Let p be prime.

1. Every 0], # o € Z,, is invertible. In other words, n is invertible modulo

p if and only if n #, 0.

2. Let a,B € Zp. If af = [0], then a = [0], or B = [0],. Equivalently, if
a # (0], and B # [0], then af # [0],.

3. Let [0], # o € Zy, and B,y € Zp. If aff = ary then 8 = .
Proof.

1. This is because n is relatively prime to p if and only if p does not divide
n.

2. This is simply a restatement of the property: p|nm implies p|n or p|m.
But in terms of the previous item, this can be proven as follows: af = [0],
and « # [0],, then 3 = [1],8 = a a8 = a=1[0], = [0],.

3. If aff = ay then a(f — v) = [0], and thus, by the previous item, as
a # [0]p, we have 8 — v = [0],, i.e. B=1.

O

Remark 3.3.9. This corollary says that Z, is a field. It is a finite field, some-
times called a Galois field.

Let us now prove Wilson’s theorem, after a lemma.
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Lemma 3.3.10. Let p be a prime and let n #, 0. Then n is its own inverse
modulo p if and only if n =, 1 orn =, —1.

Proof. In other words, we need to show that a € Z, satisfies o = [1], if
and only if a € {[1],,[~1],}. We have o? = [1], i.f.f. o — [1], = [0]p, i.Lf.
(o — [1]p)(a + 1]p) = [0]p, and by the last lemma this implies that either
a — 1], = [0], (in which case o = [1],) or a + [1], = [0], (in which case
a=—[1]p). O

Theorem 3.3.11 (Wilson’s theorem). Let p be a prime. Then
p—1!'=, -1

Equivalently, p divides (p — 1)! + 1. Conversely, if n € Z>1 \ {1} satisfies
(n—1)!'=, —1 then n is prime.

Proof. For p = 2 we verify directly, so assume that p > 2. One would like to
say that each term in the product

(p-=1-2-...-(p—1)

gets canceled with its inverse modulo p, but one should be careful with elements
which are their own inverses modulo p. By the previous lemma, those are 1 and
p — 1. Therefore, all terms in the product get canceled, except 1 and p — 1, and
we get:

p-D=,1-(p—-1) =, -1

Now, if n is as in the statement then, since —1 is relatively prime to n, also
(n —1)!, which is congruent to it modulo n, is relatively prime to n. Therefore,
each 1 < k < n—1 is relatively prime to n, clearly implying that n is prime. [

Let us also discuss integer powers of an invertible element. Let o € Z;. For
n € Z we define o € Z as follows. If n = 0, we define o™ = [1]q. If n > 0,
we define ™ = « - ... a where we multiply n terms. When n < 0, we define
a™ = (a~1)™™. Note that there is no conflict of the two meanings of a~! we
have now.

Lemma 3.3.12. For n,m € Z one has "™ = a™ - o™ and o™ = (a™)™.

3.4 Fermat’s little theorem

Let d € Z>1. Notice that given a € Z, it is easy to see that there exists k € Z>1

such that o = [1]5. Indeed, we consider the elements [1]4, o, 02,... € Z;.
Those are infinitely many elements in a finite set, and therefore two of them
must be equal - there exist ¢ < j such that a* = o/. Then /" = [1]*, and

J — 1t € Z>1. We want now to obtain more specific information about possible
k’s.
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Theorem 3.4.1 (Fermat’s little theorem). Let p € Z>1 be a prime. Let o € Z,
(i.e. [0], # a € Z,). Then aP~t = [1],. In other words, given n %, 0 one has

-1 _
Tlp =p 1.
Proof. Let us denote o = [n],. We want to see that a?~! = [1],,.
Let us consider all the non-zero residue classes
Qpy...,Qp_1.
Now consider also the residue classes
aqq,...,Q0p_1.
All of those are non-zero, and pairwise different (if aoy; = aa; then a(a; —a;) =
[0], and therefore oy; — a; = [0], i.e. a; = «;). Hence, our second list also
contains all non-zero residue classes, each appearing exactly once. Therefore we
have
gy = (aay) (@) (aap_g) =aP T o cag g
Since a1 - g - ... - ap_1 is non-zero, we obtain [1], = a1, O
Example 3.4.2. Let us find the last digit of 7?°'7. This means, since we use the
decimal system, to find the remainder upon division by 10. Applying Fermat’s
theorem for p =5, we get

72017 — 74'?4’1 — (74)? . 7 = 1? . 7 = 2

Also, clearly 7°'7 =5 1. We check that the only residue modulo 10 which is 2
modulo 5 and 1 modulo 2 is 7. Hence 7 is the last digit of 72017,

3.5 Euler’s theorem
Definition 3.5.1. We define
¢(d) = |Z].
In words, ¢(d) is the number of residue classes modulo d which are invertible.
In other words, ¢(d) is the number of numbers in the list 0,1,...,d — 1 which

are relatively prime to d.

Claim 3.5.2. Let d,e € Z>; be relatively prime. Then

¢(de) = ¢(d)p(e).
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Proof. Let us recall the bijection
frgtie x frotl : Ly — Zg x L.

We claim that an element o € Zg, is invertible i.f.f. the elements frgtd¢(a) and
frgtéé(a) are invertible. Indeed, write a = [n]ge. Then frgtd¢(a) = [n]q and
frgtie(a) = [n].. Thus what we want to show is that n is relatively prime to
de i.f.f. it is relatively prime to both d and e. This we saw. O

Example 3.5.3. We have ¢(1) = 1. For a prime p, we have ¢(p) =p—1. We
also have ¢(p*) = p* — p*~1. Indeed, a number is relatively prime to p* i.f.f. it
is relatively prime to p, i.f.f. it is not a multiple of p. There are p*~1 multiples
of p in the interval [0, p*]. Then, for example,

$(45) = ¢(3% - 5) = ¢(3%)¢(5) = (3° = 3) - (5 — 1) = 24.

Theorem 3.5.4 (Euler). Let d € Zs1. Let o € Z;. Then o9 = [1];. In
other words, given n € Z which is relatively prime to d one has

n¢(d) =d 1.

Proof. The proof is practically identical to that of Fermat’s little theorem.
Namely, consider all the different residue classes

aq, .. .,a¢(d)

constituting Z . Then
AT, ...y AQp(q)

is again a list of residue classes in Z, and they are all different: If aa; = aq;
then we get a(a; — ;) = [0]4 and multiplying by a~! we get a; —a; = [0]q, i.e.
a; = a;. Therefore, since these are ¢(d) different residue classes in Z, which
has ¢(d) members, we deduce that these are again exactly all the different
residues classes in Z. Then

(aar) - (o) - ... - (o)) = a1 - o - .o - ga
and so, dividing by a;'-azt ... a;(ld), we obtain
a® D =1,

Example 3.5.5. Let us compute the remainder of 3°* after division by 35.

We compute
?(35) = @(5)d(7) =4-6 =24.
We thus have

3540 — 32‘24—‘1-6 — (324)2 A 36 =35 12 . 36
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We compute then
36 = (33)2 =35 (78)2 =35 64 =35 —6 =35 29.
Alternatively, we have
30=,34.32=,32=4

and
36 =7 1,

The second congruence says that 3% is in the list 1,8,15,22,29 modulo 35, while
the first congruence then pins it to 29.

Example 3.5.6. there are some calculating mistakes in this example....
Let us denote pg = 3 and pp41 = 3P~ recursively. Let us calculate pagr2 mod 100.

We have ¢(100) = ¢(225%) = 40. So we would like to calculate [pao11]ao0-
Iterating, we have ¢(40) = ¢(235) = 16, ¢(16) =8 , ¢(8) =4 , ¢(4) = 2. So:

[p2007]2 = 1 and thus pagos = 3P2007 =4 3. Then poggg = 3P2008 =g 33 =g 1.
Then P2010 = 3P2009 =16 3. Then P2011 = 3P2012 =40 33 = 27. Then P2012 =
3P2011 =100 327, So we are left with computing 3*°” mod 100. We have:

3% =100 3+ (3")2 =100 3+ (3- (3%)%)% =100 3+ (3- ((3%))?)2.

We have
(3%)% = (20 + 7)% =100 49 + 80 =100 29.
Then
(33)2)2 =100 292 = (30 — 1)2 =100 1-60 =100 41.
Then
3- ((33>2)2 =100 3- 41 =100 23.
Then
(3 . ((33)2)2)2 =100 232 =100 (20 + 3)2 =100 29

Then finally

3-(3-((3%)2%)%)% =100 3-29 = 8T.

Thus, pao12 =100 87.



Chapter 4

Polynomials etc.

4.1 Polynomials

Let P € Z[X] be a polynomial. If n =4 m, then P(n) =4 P(m). Therefore, for
every a € Zg we can define the value P(«) € Z4 unambiguously as [P(n)]q for
any n € Z for which [n]g = a. Thus, our polynomial defines a function

Zq— Zq: a— Pla).

For polynomials P,Q € Z[X], we write P =4 Q if for all i € Z>( the
coefficient of X in P is congruent modulo d to the coefficient of X? in Q. Notice
that if P =4 @, then these define the same function Zy — Zg4, i.e. P(a) = Q(«)
for all & € Zg, or in other words P(n) =4 Q(n) for all n € Z.

Remark 4.1.1. One should be careful - one can have two polynomials P, Q €
Z[X] for which P #,; @ but nevertheless P(a) = Q(«) for all o € Z4. For
example, take d = p to be a prime, P = X and @ = X? (and recall Fermat’s
little theorem).

4.2 Roots modulo relatively prime numbers

Let d, e € Z>1 be relatively prime, and let P € Z[X]. Then we see that there is
a bijection

{7 € Zae | P(7) = [0]ac} = {a € Za | P(a) = [0]a} x {B € Z¢ | P(B) = [0}

given by
v (fratic (), frgtée(y)) .

Therefore, in order to study modular roots it is enough to do so modulo
prime powers.
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4.3 Roots modulo p

Throughout this section, we fix a prime p € Z>;.

Lemma 4.3.1. Let P € Z[X] be a polynomial of degree d > 0 and let n € Z
be such that P([n],) = [0], (i.e. P(n) =p 0). Then there exists a polynomial
Q € Z[X] of degree d — 1 such that P =, Q - (X —n).

Proof. One can perform division with remainder, writing
P=Q(X —n)+ P(n)

for some (uniquely defined) @ € Z[X]. Since P(n) =, 0, we have P =, Q(X —
n). O

Lemma 4.3.2. Let P € Z[X] be a polynomial of degree d > 0 and letny,...,ny €
Z be pairwise distinct modulo p, where k < d. Assume that P([n;],) = [0], (i.e.
P(n;) =, 0) for all 1 < i < k. Then there exists a polynomial Q € Z[X] of
degree d — k such that P =, Q - (X —nq) -...- (X —ny).

Proof. We prove this by induction on k, where the case k = 1 is the previous
lemma. To perform the induction step, we write P =, @ - (X — ny). For every
1<i<k—1, we have

0=, P(n;) = Q(n;)(n; —ny).

Since n; —ng #p 0, we have Q(n;) =, 0. Therefore, we can utilize the induction
hypothesis to find @’ such that

QEPQ/'(XfTLl)'...'(X*’Ilk_l).

Then
PEPQ/'(X_nl)""'(X_nk71)'(X—nk)_

O

Corollary 4.3.3. Let P € Z[X] be a polynomial of degree d > 0 for which the
coefficient of X% is not zero modulo p. Then

Ha€Zy | P(e) = [0],}] < d.

Proof. Suppose that aq,...,aq € Z, are pairwise distinct, and all are roots

of P. We will show then that there are no additional roots of P. Choose

ni,...,nq € Z such that [n;], = o;. Then by the previous lemma we have
P=Q (X—n1) ...- (X —ng)

for some @ of degree 0, i.e. Q = m for some m € Z. Notice that m is congruent
modulo p to the coefficient of X% in P, hence by our assumption m #p 0.
Therefore if n € Z satisfies P(n) =, 0 we get n—n; =, 0 for some 1 <4 < d. This
means that if o € Z,, satisfies P(a) = [0], then o = «; for some 1 <i<d. 0O
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Example 4.3.4. Let p = 3 and consider
P=X?+1€Z[X].

Note that P has no root modulo 3. This is similar to how X? + 1 has no real
root. One then synthetically adds an imaginary root i, and gets the complex
numbers as the set of formal expressions of the form a + ib for a,b € R. One
can do the same in our case, and create a new set, consisting of expressions of
the form o +iB for a,B € Zsz. Thus, this set has 3* elements. One then can
define multiplication and addition on that set:

(a+iB) + (v +id) = (a+7) +i(B+ ),
(a+ip) - (v + i) = (ay — B6) +i(ad + B).

One obtains a finite field with 9 elements. But, contrary to the case with
real/complex numbers, where once we add i all polynomials have a root (“fun-
damental theorem of algebra”) here, although the polynomial X? + 1 will have a
root now, other polynomials will still be lacking a root. Then one can construct
a field with 3% elements having some more roots, etc. One eventually obtains
an infinite field, by enlarging in this way. It is called the algebraic closure of
Zs3. It is quite important because it is related to number theory (of somewhat
combinatorial flavor, of counting), but philosophically is similar to the field of
complex numbers, so in some sense is “continuous”. The famous Weil conjec-
tures (already theorems) are one precise manifestation of that.

4.4 Roots modulo prime powers

Let p € Z>1 be a prime. Suppose that we have a root 8 € Zyk+1 of P € Z[X].

Then clearly frgt£:+1(ﬁ) € Z,. is also a root of P (i.e. for n € Z one has
P(n) =,x+1 0 then one also has P(n) =,x 0). We want now to ask the converse:
If we have a root a € Zx of P, whether we can find a root 8 € Z,x+1 of P such

that frgt§:+l(5) = a.

Proposition 4.4.1 (Hensel’s lemma). Let P € Z[X] and let o« € Zyx be a
root of P. Suppose in addition that P'(a) € Z;k. Then there exists a unique

B € Zyr+1 such that frgtiZH(B) =a and B is a root of P.

In other words, let P € Z[X] and let n € Z be P(n) =, 0. Suppose in
addition that P'(n) is not divided by p. Then there exists m € Z such that

m =y, n and P(m) =pe+1 0. Moreover, any two such m’s are congruent modulo
karl

=p

k41
Proof. In general, the elements in Z,x+1 which are mapped under frgtz . to
some [r],. are exactly the following ones:

[’r‘}karl, [7“ +pk]pk+1 RN [7” + (p — 1)pk]pk+1.
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One can state it a bit better, saying that there is a bijection
~ pk+1
Ly — {0x € Lyprsr | frato. () = [r]x}
given by [m], — [r + m - pF| k1 (in particular, one checks that this map is
well-defined).

Let us take n € Z such that o = [n],x. By the above, since [P(n)],x = [0],x,
there exists a unique 0 < i < p — 1 such that [P(n)] e+ = [i - p¥] r+1. Recall
that we can write

P(n+X)=Pn)+Pn)- X +Q-X?
for some @ € Z[X]. We have therefore:
P(n+ jp*) = P(n) + P'(n) - jp" + (jp*)*?
where 7 is some integer. Therefore
P([n+jp*lpees) = [P(netgp®)]pess = [P(m)]pes +[P' (0)jp*lpess = [(i+P'(n)f) "l
Since P’(n) #, 0, there will be exactly one 0 < j < p — 1 such that
i+ P'(n)j=,0,
which is equivalent to
(i + P'(n)j) - p* =pe+1 0.
(need to polish a bit the presentation) O

Example 4.4.2. Let us consider the polynomial P(X) = X2—7 andp = 3. We
have a root [1]3 of P. Notice that P'(X) = 2X and P'([1]3) = [2]3 # [0]5. Hence
there exists a unique element as € Zg such that a3 = [T]o and frgtd(az) = 1.
So the options for as are [1]g, [4]o,[7]o and one finds that oy = [4]g. We can
continue, finding the unique o € Zoy such that frgti’(as) = [4]e and i =
[7]27. One finds az = [13]27. One can continue, obtaining an infinite sequence

([1]37 [4]9a [13]27) s a)

of “better and better” solutions to X2 — 7 =0, in the sense that as we progress
we find varios n € Z such that n? — 7 is divided by bigger and bigger powers of
3.

4.5 p-adic integers

Let p € Z>1 be aprime. Let P € Z[X] and let a; € Z,, be such that P(ay) = [0],
and P’(aq) # [0],. Then by Hensel’s lemma, there exists a unique ag € Z,2

such that P(as) = [0],2 and frgtg2 (a2) = ay. Continuing in this fashion, we

find recursively oy € Z,» such that P(ay) = [0],» and frgtg’,:,l(ak) = Qp_1.

p
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Definition 4.5.1. A p-adic integer is a sequence

(041,0427 .. )

where oy € Z,x for k € Z>1, and for each k € Z> one has
k+1
frgtgk (aFH1) =P,

Therefore, one can think of a p-adic integer as the information of an imag-
inary integer’s residues modulo powers of p. In particular, an actual integer
n € Z determines a p-adic integer by taking oy := [n]x.

Example 4.5.2. Here is a concrete example of a 3-adic integer, which is not
determined by an actual integer:

ap=[1+3+...4+3 1.
One can think that this 3-adic integer is the sum of the series
1+3+3"+....
Since
3F—1
2

we see that our p-adic integer is in fact —1/2 (in other words, if we multiply it
by 2, we get —1).

14+34+...+31=

A more interesting example would be to consider the unique p-adic integer
(ay) for which oy = [1]3 and af = [7)3x for all k. This will be an element whose
square is 7.

The field of p-adic numbers Q,, is obtained by formally considering quotients
of p-adic integers.
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Chapter 5

Orders, primitive roots

5.1 Orders

Let us fix d € Z>1. Let o € Z;. Let us consider the subset of the integers
In={neZ|a"=[1]4} CZ.

Then one checks that this is an ideal. Moreover, this ideal is not {0}, since
o¢(d) € 1, by Euler’s theorem. Therefore, by the principal ideal theorem, there
exists a unique k € Z> such that I, = (k). We call this k the order of a and
denote it by ord(a). Therefore:

m

a™ = [1], if and only if ord(a)|m.

Also, one can characterize the order as the smallest non-negative integer k for
which o* = [1],. We have
ord(a)|é(d).

For n € Z which is relatively prime to d (and so [n]q € Z ), we denote
ordq(n) := ord([n]a).
Lemma 5.1.1. Let o € Z;. Then the elements of the list
[1],,q,...,acrd@-1

are pairwise distinct, and for every k € 7 the element o is equal to one of the
elements in that list. In particular, the set {a* : k € Z} has ord(a) elements.

Proof. If o' = a7 for some 0 < i < j < ord(a) — 1, we get o/ ~% = [1],, and thus
j—i€l,and 1 <j—i<ord(a), contradicting ord(a) being the smallest.

Given k € Z, we perform division with remainder k = ¢ - ord(«) 4+ r where
0 <r <ord(a). Then of = (a74)7. q" = (1] -a" = a’. O
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Claim 5.1.2. Let o € Z) and let k € Z. Then

ord(a)

ord(a®) = ged(ord(a), k)

In particular, if k|lord(a), we have

ord(a)
L

Proof. We have m € I i.£f. (aF)™ = [1], i.ff. o™ = [1], i.£f. km € I, i.LL
ord(a)|km i.f1f. %)k)\m. Thus:

ged(ord(a),
7= ord(a)
o = \ ged(ord(a), k) )

ord(a®) =

5.2 Primitive roots
Definition 5.2.1. We say that o € Z is a primative root if

ord(a) = ¢(d).

We say that n € Z is a primitive root modulo d if [n]q is a primitive root (in
particular, [n]q € Z), i.e. n and d are relatively prime).

Lemma 5.2.2. Let o € Z. The following are equivalent:
1. «a s a primitive root.
2. 25 = {[llp,,a?,...,a® D11,
3. For every B € Z) there exists k € Z>q such that B = ak.

Proof. (1) = (2) follows from lemma 5.1.1. (2) = (3) is trivial. (3) =
(1): By lemma 5.1.1 the set {a* | k € Z} has ord(a) elements. By the current
assumption, this set is equal to Z. Therefore we get that ord(a) = ¢(d). O

Example 5.2.3. 2 is a primitive root modulo 5, since
20=.1,2=52,22=;4,2=53
are all distinct modulo 5.

Example 5.2.4. There is no primitive root modulo 8. Indeed, we have

Z; = [”83 [3}83 [5]87 [7]8}

s0 ¢(8) =4, but every a € Z§ satisfies a® = [1]s.
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Claim 5.2.5.

1. If « € ) is a primitive root, then ok e Zy is a primitie root if and only
if ged(k, ¢(d)) = 1.

2. If Z) admits a primitive root, then it admits exactly ¢p(¢(d)) primitive
T001S.

Proof. We have that o is a primitive root if and only if ord(a*) = ord(a) (since
ord(a)) = ¢(d), and we have ord(a*) = #d((o;))k), so o is a primitive root if
and only if ged(ord(a), k) =1, i.e. ged(o(d), k) = 1.

As for the second claim, using the first claim we see that from the ele-
ments [1]g, a, . .. ,a®@—1 of Z} , the ones which are primitive roots are o' where
ged(i, ¢(d)) = 1. As i runs from 0 to ¢(d) —1, there are exactly ¢(¢p(d)) such. O

Lemma 5.2.6. Let e|d. If a € Z)j is a primitive root, then frgtd(a) € ZX is
also a primitive root. In terms of integers: If n € Z is a primitive root modulo
d, then n is also a primitive root modulo e.

Proof. For every 3 € Z there exists v € Z; such that frgtd(y) = B. Next,
there exists k € Z>g such that v = o*. Hence

B = frgti(v) = frgtd(a®) = frgtd(a)*.

In other words, every element in Z) is a power of frgtd(a), and thus by a
criterion we saw above, frgt(a) is a primitive root. O

5.3 The case of a prime

Lemma 5.3.1. Let o, 8 € Z). Assume that ord(c) and ord(S) are relatively
prime. Then
ord(af) = ord(«a) - ord(5).

Proof. Abbreviate a := ord(a)) and b := ord(5). For starters,
(@B)® = (a®)*- (8°)" = [La.

Now assume (af3)* = [1]4 for some k € Z. Then o = 87 and so, calling their
common value v, we have that

ord(y) = ord(a®)|ord(a) = a

and similarly ord(v)|b and thus, since a and b are relatively prime, ord(y) = 1,
i.e. 7 = [1]4. We obtain thus o* = [1]4 so a|k and 8% = [1]4 so b|k. Since a and
b are relatively prime, we obtain ab|k. This finishes showing that ord(af) =
ab. O

Lemma 5.3.2. Let ,3 € Z. Then there exists an element in Z) of order

lem(ord(a), ord(B)).
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Proof. Let us first note that given v € Z and k|ord(y), there exists an element

ord(y)

in Z; of order k. Indeed, take v~ *

Let us now write decompositions into primes
ord(o) =pi* ... ppt

and
b
ord(B) =pi* - ... DRk,
Since p{*|ord(c), there exists in Z; an element of order pf*. Similarly, there
exists in Z) an element of order pf’i. Therefore there exists an element ~; of

order p;nw{ai’b"}. Using the previous lemma, we obtain that
ord(y1 ... k) =ord(y1) - ... ord(g) =
= pTam{al’bl} - -p;n”{a’“’b’“} = lem(ord(a), ord(B)).

O
Theorem 5.3.3. Let p be a prime. Then there exists a primitive root in Z, .

Proof. Let a € Z,; with maximal possible order w.r.t. multiplication. In other
words, we assume that ord(a) does not strictly divide ord(8) for all 8 € Z).
Because Z, is finite, we can find such a. Let now 3 € Z;. If ord(B3) ford(«a)
then ord(a) strictly divides lem(ord(a), ord(«)); Since by the previous lemma
there exists an element of Z) of order lcm(ord(a), ord(f3)), we obtain a contra-
diction to the choice of a. Therefore, we see that for every 8 € Z; we have
ord(f)|ord(a). Therefore, abbreviating & := ord(a), we see that every 8 € Z;
satisfies fF = [1],. Therefore the polynomial z¥ — 1 has p — 1 different roots
modulo p, and thus & > p— 1. Since k|p — 1, we deduce k =p—1 and so o is a
primitive root. O

5.4 The case of a prime power

Notice that in Z; we have a primitive root by observation. Notice that in ZJ
we don’t have a primitive root (since for every a € ZZ one has o? = [1]g).
Therefore, there is also no primitive root in ZQX,C for every k > 3. Settled this,
we will now deal with powers of an odd prime.

Claim 5.4.1. Let p be an odd prime. If n is a primitive root modulo p, then
either n or n + p is a primitive root modulo p2.

Proof. Consider k := ord,2(n). We know that k|¢(p?) = p* —p =p(p—1). On
the other hand, clearly p—1 = ord,(n)|ordy:(n) = k. Therefore either k = p—1
or k= p(p—1). In the latter case, n is a primitive root modulo p?, so suppose
the former. Then n? =, n- nP~1 =,2 n. Notice that since n+p =, n, we argue
as above replacing n by n + p and also see that ord,:(n + p) is either p — 1 or
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p(p —1). We want to rule out the former possibility, i.e. we want to show that
(n+p)P~t #,2 1 or, equivalently, that (n+p)? #,2 n+p. And indeed, we have:

(n—i—p)p:n”—i—(zl)) P p 4 PP =2 P =0 0.

O

Claim 5.4.2. Let p be an odd prime, and let k > 2. If n is a primitive root
modulo p* then n is also a primitive root modulo p**T.

Proof. Let us consider 7 := ord,r+1(n). We have r|¢(pFt) = pF(p — 1). On
the other hand, ord,(n)|r, so since n is a primitive root modulo p* we have
p"~1(p — 1)|n. Therefore either r = p*~(p — 1) or 7 = p*(p — 1). We want to
rule out the former, i.e. we want to show that n?* " -1 Fprt1 1.

. . . _ k—2/
Since n is a primitive root modulo p*~!, we have n?" 1) =p+-1 1 and

so we can write n = 1 + p¥~la for some a € Z. Notice that a #p, 0, because
otherwise we would have n?"~~(P—1) =, 1, but n is a primitive root modulo ",
so its order is p*~!(p — 1). Now, we have:

nP ) — (14 PP e = 14 pra.

Since, as we said, a #, 0, we obtain that np" (=1 Fpe+1 1, as desired. O

Corollary 5.4.3 (of the last two claims). Let p be an odd prime. Then for
every k € Z>1, there exist in Z;k. primitive roots.

5.5 The rest of cases

Claim 5.5.1. Let p be an odd prime, let k € Z>1 and let n be a primitive root
modulo p*. Then either n or n+ p* is a primitive root modulo 2p*.

Proof. Exactly one of n and n + p* is odd - let us by abuse of notation and
without loss of generality assume therefore that n is odd. Thus, n is a primitive
root modulo p* and is odd, and we want to show that n is a primitive root
modulo 2p*. For starters, notice that n is indeed relatively prime to 2p*.

Notice that ¢(2p*) = ¢(p*). Now, no2r) = po") ig congruent to 1 mod-
ulo p* and also modulo 2, therefore by the Chinese remainder theorem it is
congruent to 1 modulo 2p*. Conversely, if n" =9+ 1, then also n” =,» 1 and
therefore ¢(2p*) = ¢(p*)|r. These two observations shows that n is a primitive
root modulo 2p*. O

Proposition 5.5.2. The numbers d € Z>1 for which there exists a primitive
root modulo d are exactly ones of the following: 2,4,p*,2p* (here p is an odd
prime and k € Z>1.
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Proof. We already saw that for d in the list, there exists a primitive root modulo
d. We now want to rule out the other d’s.

Suppose that d, e are relatively prime. By the Chinese reminder theorem,
if for some o € Zj;, we have frgti®(a)f = [1]4 and frgti(a)* = [1]., then
a® = [1]4e, and therefore ord(a)|k. Clearly k = lem(¢p(d), ¢(e)) satisfies these
conditions, and so we get

ord(a)llem(¢(d), ¢(e)).

Since lem(p(d), ¢(e)) = %, we see that if ged(é(d), ¢(e)) > 1 then ev-
ery element o € Z;, has order strictly less than ¢(d)¢(e) = ¢(de), and therefore

there are no primitive roots modulo de.

In particular, if (continuing to assume that d and e are relatively prime) each
of d and e is divisible by an odd prime or 4, we see that there are no primitive
roots modulo de, because both ¢(d) and ¢(e) are even, so not relatively prime.

Therefore, we rule out numbers which are divisible by more than one odd
prime, and numbers which are divisible by some odd prime and by 4. We have
already seen that numbers divisible by 8 are also ruled out. This finishes the
claim.

5.6 A Theorem of Gauss-Wilson

Theorem 5.6.1 (Gauss-Wilson). Let d € Z>y. Then

H a€ly

Q€L

is equal to [—1]q if Z) admits primitive roots, and to [1)g if Z) admits no
primitive roots.

Proof. We will prove only the first claim. If d = 2 then it is verified directly.
Hence, assume d # 2. Notice that then ¢(d) is even.

Let v € Z; be a primitive root. Notice that (y*)? = [1], if and only if

o(d)|2s, i.e. if and only if @\s Therefore, v° and 'yw are exactly all the
elements « of Z) which satisfy a? = [1];. Therefore, since [1]4 and [—1]; are
such elements, we must have 7@ = [~1]4. So, as in the proof of Wilson’s

theorem, when computing the product we want to compute, pairs of elements
which are mutually inverse will cancel out, except for when an element is its
own inverse, which happens for [1]; and [—1]4. Therefore the product is equal
to the product of [1]4 and [—1]4, i.e the product is equal to [—1]4.
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Cryptography

6.1 Swubstitution ciphers

The most basic encryption is by a substitution cipher, or a dictionary, i.e. if
we want to encrypt messages drawn from a set X, we construct a bijection
F : X — Y with some other set and tell £ the person with whom we are
communicating. Here E~! should be also easily calculated.

In practice, if we have a long message, we break it down to smaller parcels
which can be encoded in terms of X, and send them one by one.

For example, we can choose a number d € Z>1, have X =Y = Z4, and
E(p) := op where o € Z is some invertible residue class. It is relatively easy
to compute o1, by using Euclids algorithm (picking m € Z for which [m]q = o,
we compute fm + gd = 1 and then o= = [f]4) or by using 0! = ¢?@~1 (by
Euler’s theorem).

Notice that to compute o* we only need about logs (k) multiplication modulo
d operations, and not k as the most naive way of computing would yield. Indeed,
if k is even we have 0% = (02)¥/2 and if k is odd we have s* = (02)% - s so the
number of operations N (k) needed satisfies

N(k) < N([Z))+2, N(1)=0.

Thus we can show that
N(k) <loga(k)

by induction.

One of the possible problems with the substitution cipher is that, in texts,
letters have various frequencies (for example, “e” is the most commonly appear-
ing letter in an English text), so that a person reading the encrypted message
can start to guess what is the dictionary E based on frequencies.
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Another possible problem is that the two communicating sides should some-
how agree on F, so need to be physically close, or communicate F via a non-safe
medium, etc. This can be even more annoying if they want to change FE fre-
quently, to alleviate the previous problem.

6.2 Sharing a secret (Diffie-Hellman key agree-
ment)

We will now see how both sides can share a secret o (o has a meaning as above)
across a non-safe medium (i.e. all they send to each other is seen by others).
This is called the Diffie-Hellman key exchange.

We assume that d = p is a prime (which is large). We next choose a primitive
root o € Z,’ (this root does not have to be big). The information of p and « is
accessible to all.

Recall that there is a bijection
Zp—1 — LY ks o

The critical property of this bijection is the following: From a computational
point of view, it is easy to compute o given k but very hard to compute k given
aF. The general property of that kind is known as that of a one-way function,
while in this specific case this is known as the discrete logarithm problem.

Let now Alice choose a € Z,_; and Bob choose b € Z,_1 (their “private
keys”). Those are their personal secrets, they keep them to themselves. How-
ever, Alice makes a® public, and Bob makes o’ public (their “public keys”).
Now, Alice knows her a and the public a’, so she can compute (a’)®. Bob
knows his b and the public a®, so he can compute (a®)’. But, of course,

(ab)a _ aba _ Ckab — (aa)b.

This value is the secret o that Alice and Bob both now know. The public knows,
except the general p and « of the setting, also a® and a®. From this, it is not

clear how to compute a®®.

If a third person, Carol, wants now be part of the secretive group, she can
choose her ¢ € Z,_1, and then proceed as follows. Alice and Bob make a®
public, and thus Carol can compute a®°. As a® and o’ are already public,
Carol can also compute a®® and o’ and make them public. Then Alice and
Bob can compute a®¢ as well, and it becomes the new secret (the public knows
aa’ Olb, Oéab’ aac’ abc).

6.3 Combining the two last sections

Let us retain the setting of the previous subsection - of p and «, Alices (resp.
Bobs) private key a (resp. b) and Alices (resp. Bobs) public key a® (resp. ab).
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Then Alice and Bob both know the secret

U:a“bGZ;.

If now Bob wants to send an encryption of a message

weE Ly
to Alice, he sends
o €Ly
Alice can compute
p=o""(op).

Thus, we use an asymmetric setting (Alice and Bob have private and public
keys) in order to create a common secret key which is then used in a symmetric
cipher (one uses the same key for encoding and decoding).

6.4 Al-Gamal encryption

When we do as before, but Bob each time changes his private key, we obtain
the Al-Gamal encryption, which can be now regarded as an asymmetric cipher.
Notice that this seems to eliminate the problem of guessing the key o based
on letter frequencies, as this key changes with every step. Let us describe it
explicitly again.

Alice choses a € Z,_1 and shares publicly a®. Then a is called the private
key and a® is called the public key.

If Bob wants to communicate a message 1 € Z,° to Alice, he peeks randomly
some b € Z,_; and sends the pair

(b, ap) € Zy x L,

to Alice (notice that Bob knows how to compute a® = (a®)® since Alice’s
public key a® is, well, public). Alice can decode the message by first computing
the shared secret a®® = (a?)?, then computing its inverse, thus being able to
compute

= (@) ().

Thus, basically, each time Bob wants to send a message, he fulfills his part in
creating the common secret, so that now Alice and Bob share a secret o € Z,
and then Bob sends to Alice o, and Alice deciphers it, as we explained in the
first subsection.
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6.5 RSA encryption

In the previous sections, we have used, for a prime p € Z>, the bijection
Zp1— L) ks o,

where a € Z, is a fixed primitive root. The property of this bijection is that
(if p and « are known) it is easy to calculate it on a given value, but hard to
calculate the inverse bijection on a given value.

We will now use a different bijection with a similar, but different property.
Namely, given some knowns it will be easy to calculate the bijection on a given
value. However, the inverse bijection will also be easy to calculate given some
other knowns. Therefore, the inverse bijection is not universally hard to compute
(as in the previous case) - it is easy to compute for those having some extra
information.

Let
de Zzl

and let e € Z be such that gcd(e, ¢(d)) = 1. Then the function
Z; =7 :o—af

is, by Euler’s theorem, a bijection with inverse
Zy —ZF :aw—al

where f is inverse to e modulo ¢(d).

In fact, if d is square-free (i.e. a product of distinct primes) then we can
replace Z; above with Zg, i.e. we claim that with e and f as above the maps

Zd—>Zdth—>Oée

and
Lg— ZLq: o Ozf

are mutually inverse bijections. In other words, we want to check that a®f = «
for all @ € Z4. By the Chinese remainder theorem, this is the same as checking
frgtg(a)ef = frgtg(a) for all primes p|d. If frgtg(oz) = [0],, then the equality
is clear. If frgti(a) # [0]p, notice that ef =) 1 and ¢(p)|¢(d) and hence
ef =4(p) 1 and so by Fermat’s little theorem we obtain

frgti(a)™ = froti(a) - froti(a)*®) = frgtd(a).

Assume that d is square-free. The bijection

Zq — Zq : a— af
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has the property that when d and e known it is easy to compute it on a given
value, but it is only easy to compute its inverse on a given value if one knows
@(d), because it is necessary in order to find f as above.

Is it easy to find ¢(d)? In order to compute it, we write d = p; - ... py as
a product of distinct primes. Then ¢(d) = (p1 — 1) - ... (px — 1). Therefore,
it is easy to compute ¢(d) if we know the decomposition of d as a product of
primes. Is it easy to find the decomposition of d into primes? No! This is
the basic problem, the factorization of a number into a product of primes is a
hard thing computationally (I think that modern encryption is based on having
computational problems which are easy theoretically but hard computationally).

We thus obtain the following asymmetric encryption/decryption scheme. We
generate two huge prime numbers p and q and set d = pq. We also choose e € Z
which is relatively prime to ¢(d). We let d and e be publicly known. Thus, the
public can compute easily

Zd—)ZdZOH—)Oée.

We can also compute easily the inverse, because we can compute ¢(d) = (p —
1)(¢ — 1) and then compute f € Z which is inverse to e modulo ¢(d). Then as
explained above

Zyg — Lg: > Oéf

is inverse to E. Hence, if someone wants to encode a message u : Zq4 for us, he
sends us p¢. We can decode it: p = (u®)/.



50

CHAPTER 6. CRYPTOGRAPHY



Chapter 7

Quadratic residue classes

7.1 The Legendre symbol

Let p be an odd prime. We are interested in deciding whether an equation
22+ mx+n =,0
has a solution or not.
Lemma 7.1.1. The equation
22+ mzx+n =,0
has a solution if and only if the equation
z? = m? — 4n

has a solution.

Proof. Let us denote by ¢ an inverse to 2 modulo p. Since 2 is invertible modulo

p, the equation
22 +mx+n =,0

has the same solutions as the equation
422 + 4mx + 4n =, 0.
We have

4a® +dmx +4n = (22)2 +2-m -2z + m?* + (4n —m?) = (22 +m)* + (4n — m?)

and therefore, performing the invertible modulo p substitution y = 2x + m, we

see that our equation has a solution if and only if the equation
y? + (d4n—m?) =, 0

has a solution.
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Therefore, our general question is reduced to the question of determining
which residue classes modulo p admit a square root, i.e. are squares modulo p.

Definition 7.1.2 (Legendre symbol). Let o € Z,,. If a # [0], and there exists

B € Z, such that 32 = «, we write (%) = 1. If o # [0], and there does not exist
B € Z,, such that 32 = a, we write (%) = —1. If o = [0],, we write (%) =0.

For n € Z, we write (%) for (%)

Claim 7.1.3 (Euler’s criterion). Let a € Z,,. Then

o-s

In other words: let n € Z. Then
— =, nz.
I P

Proof. For a = [0], the claim is clear, so we assume that a # [0],, i.e. a € Z)'.

Notice that (0/)2;1)2 = a?~! = [1], by Fermat’s little theorem. As we saw
before, one therefore has a*z € {[1]p, [-1]p}. Therefore, we want to show that
o™= is equal to [1], if and only if « is a square.

If o is a square, so a = 32 for some f3 € Z, ., then

p—1 p_1 —
az = ()T =7 =1,
by Fermat’s little theorem again.

Now assume conversely that oz = (1],. We use the existence of a primitive
root v € Z,;. Recall that 4" = [1], if and only if p—1|r. Write o = A" for some

k € Z. Then [1], = a7 =~F"2 and therefore p — 1|k - =1, This gives 2|k.
Therefore, we can consider 8 = ag, which will be an element fo which 52 = «.
O

Remark 7.1.4. Since p is an odd prime, so in particular p > 2, the map
{-1,0,1} = Z — Z, is injective. Therefore, [(%)]p determines (%)

Corollary 7.1.5. Let n,m € Z. One has

2)-¢)6)
Proof. One has
() <o . 2). )

and hence the equality. O
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Corollary 7.1.6. One has

()en

and so —1 is a square modulo p if p =4 1 and a non-square modulo p if p =4 3.
We can now prove:

Theorem 7.1.7. There are infinitely many primes which are congruent to 1
modulo 4.

Proof. Again, suppose that there are only finitely many such, denote then
D1, ..,pk. Consider then

ni=Alprpi)? 1L

Let p be a prime factor of n. As p can not be any of the p;’s, it is enough to
show that p =4 1 to obtain a contradiction. And indeed, we have:

_1 Ep 4(p1 .. pk)z
so —1 is a square modulo p, and therefore by the previous corollary we have

P =4 1. D

7.2 Statement of the quadratic reciprocity law
and examples

Theorem 7.2.1 (Gauss’s quadratic reciprocity law). Let p,q be two distinct

odd primes. One has:
P p—1 g-1 ((q
— | =(—1) 2 3 = 1.
5)-==()

Theorem 7.2.2 (The supplementary law).

2\ _ J1 if p=g=+1
p)  |-1 ifp=s+3’
For the proof, we will need a few preliminaries. Let us first see some examples
of applying this.

And we also have:

Example 7.2.3. Fiz an odd prime p € Z>1, and vary an odd prime q € Z>
(with q different than p). We see that the answer to the question of whether p
is a square modulo q depends only on [qlap! This is one possible “essence” of
this law.



54 CHAPTER 7. QUADRATIC RESIDUE CLASSES

Example 7.2.4. For a prime p € Z>1 distinct from 2 and 5, one has

S\ (?
p)  \5)
Notice that in Zs, the non-zero squares are [1]5 and [4]5. Therefore, 5 is a square

modulo p if and only if p is congruent to 1 or 4 modulo 5.

Example 7.2.5.

- @ @)-G) ) Q-

Alternatively, one can compute:

12 —11 -1\ /11 23 1
_— = _— = _— _— = —1 - — | — = (— - — | — = 1.
()= (=)= () (@) = -(5) =0 () =
Thus, 12 is a square modulo 23. One can indeed find that 92 — 12 = 3 - 23 so

92 =23 12.
Example 7.2.6.

5)- GEHE)- (D) - Brp-com--

Thus, 30 is not a square modulo 59.

7.3 The discrete Fourier transform
Throughout, fix d € Z>1. We denote
pa={CeC* [ (=1}

Elements ¢ € pg are called d-th roots of unity. Denoting

i 271 2mi
G =ed = cos(%z) +i- sin(%z),
we have
Hd = {17C17"'7 571

(and all the listed elements are different, i.e. g contains d elements). Notice
that if n =4 m, then (" = (™. Hence for a € Z4 we can define unambiguously
¢™ as ¢" for any n for which [n]q = a.

Let f : Zys — C be a function. The (discrete) Fourier transform of f is the
function Fy : uqg — C given by

Fy(¢)= > fla)-¢~.

a€Zq
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Remark 7.3.1. By identifying {0,...,d —1} with pg via k — ¢} and also writ-
ing f(n) = f([n]q) we obtain the perhaps more recognizable to some formula:

Fi(k)= > f()-e T .
0<j<d—1
Theorem 7.3.2 (Parseval’s identity).
1. Let f,g:7Zq — C. Then we have
— 1
S fl@gta) =5 32 FHQOF Q.
Q€Zg CEpa
2. Let f € Zyg — C. Then we have
1
D f@f = 7 > IF QP
a€Lq CEpq

Proof. The second part follows from the first by substituting g := f, so let us
prove the first part. Notice that if we fix g, both sides are linear in f. Similarly,
if we fix f both sides are conjugate-linear in g. Therefore, we reduce to the case

f ::5aag ::55~

We calculate

F5,(¢) =Y da(7)- ¢ =

YEZq

The left hand sides of the equation to be established is equal to d4 g. The right
hand side is equal to

1 W = 1 o
g2 =g 2 =t
CEMa CEpa
where the last equality is by the Lemma that follows. O
We have used the following lemma:

Lemma 7.3.3. Let a € Zyg. Then

D¢ =ba - d

C€na

Proof. If a = [0]4, the the sum is a sum of d ones, so the claim is clear. Suppose
then that a # [0]4. We have:

Y= (GO =) ¢
CEpa CEpa CEpa

Since ({¥ # 1, we obtain that our sum must be equal to zero. O
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7.4 Algebraic numbers and integers

Definition 7.4.1. Let ¢ € C. The number c is called algebraic if there exists
a non-zero polynomial P € Q[X] such that P(¢) = 0. Thus, concretely, ¢ is
algebraic if there exists n > 1 and ag,...,a,—1 € Q such that

"4 a1 4 Faje+ag = 0.
If ¢ is not algebraic, it is called transcendental.

Example 7.4.2. Every rational number is algebraic. The number \/2 is alge-
braic, since it is a root of the polynomial Z? — 2. For g € Q, the number e2™+4
s algebraic.

Example 7.4.3. It was proven that the numbers © and e are transcendental.

Definition 7.4.4. Let ¢ € C. The number c is called an algebraic integer if
there exists n > 1 and ag,...,a,_1 € Z such that

"4 a1 4 aje+ag = 0.

Lemma 7.4.5. A number q € Q is an algebraic integer if and only if it is an
integer (i.e. lies in Z).

Proof. Clearly, if ¢ € Q is an integer then since g is a root of X — ¢, we obtain
that ¢ is an algebraic integer. Conversely, assume that ¢ € Q is an algebraic
integer. So, there exist n € Z>; and ag, ..., a,—1 € Z such that

¢+ an1¢"" 4+ ... +aig+ay=0.

Write ¢ = £ in reduced terms, so 7,5 € Z and s > 0 and gcd(r, s) = 1. Then we
have
Pt a1 s+ agrs” T 4+ ags™ = 0.

If a prime p divides s, we obtain from this equation that it also divides r. Since
r and s are relatively prime, this is not possible, so no prime divides s, which
implies that s = 1. Hence ¢ =r € Z, i.e. ¢ is an integer. O

Lemma 7.4.6. Let c € C be algebraic. Then there exists d € Z>1 such that dc
s an algebraic integer.

Proof. There exists n € Z>1 and ag, ...,a,—1 € Q such that
"4 a1 4 Faje+ag = 0.

There exists e € Z>1 such that ea; € Z for all 0 < ¢ < n — 1. Then, setting
d := €™, we have:

(de)™ + (an_1d)d" ' 4 ... + (ard" Ve + apd™ =0

which shows that dc is an algebraic integer. O
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Proposition 7.4.7. Let ¢,d € C. If both ¢ and d are algebraic (resp. algebraic
integers) then ¢ + d and cd are algebraic (resp. algebraic integers).

Proof. Omitted. O

Remark 7.4.8. Let ¢1,co € C be algebraic integers. We say that c;|ca if there
exists an algebraic integer e € C such that c; = ec;. Let d € Z>;. For algebraic
integers c¢1,ca € C, we say that ¢; =4 o if d|ca — ¢1. Then (we will need this
observation in the proof of the quadratic reciprocity law using Gauss sums) if
c1,¢0 € Z and ¢ =4 co using that definition, we in fact have ¢; =4 c2 using
our standard definition. Indeed, The former says that there exists an algebraic
integer e such that co —c; = ed, while the latter says that there exists an integer
e such that c; —c; = ed. But, if e is an algebraic integer satisfying co — ¢; = ed,
we have that e is rational, and then, by lemma 7.4.5, we have that in fact e € Z.

7.5 Gauss sums

Throughout, we fix an odd prime p.

We define G : p, = C as
G:= F(;),

the Fourier transform of the Legendre symbol. Thus, concretely:
a @
6= (3)-
Q€Zy p
The expression/number G(¢) is called a Gauss sum.
Lemma 7.5.1. Let ¢ € p, and let [0], # o € Z,,. Then

ay_ (&
G(¢*) = <p)G(C)~
Proof. We have

o5 (e 5 (50 - () 5 B - (oo

BELy BEZLy

Corollary 7.5.2. G(1) =0.

Proof. Let a € Z; be a non-square. We have then

G(1) = G(1%) = (O‘> G(1) = —G(1)

b
so 2G(1) = 0, and thus G(1) = 0. O
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Lemma 7.5.3. Let 1 # (¢ € pp. Then

GO)I* =p.

Proof. Notice that by Lemma 7.5.1 one has |G(¢)[? = |G(¢')|? for all (, (" € u,
which are not 1 (and by Corollary 7.5.2, |G(1)|? = 0). Denote by a the common
value of |G(¢)|? for 1 # ¢ € p, (we want to show that a = p). By Parseval’s
identity we have :

w-Da= L IGOF=p X I1(2)F =stp-1)
CEpp €Ly
and hence a = p. O

Claim 7.5.4. Let1# ¢ € pip. one has

G =(-1) = p
Proof. We have

Finally, we can prove Gauss’s quadratic reciprocity theorem and the supple-
mentary law.

Proof (of Gauss’s quadratic reciprocity theorem). We study now G(¢)? modulo
q. One one hand, we have

wor-(£ ) = 2 ()~ £ Gher-aer- (oo

Q€L

On the other hand, we have:

Comparing the two expressions, we deduce

(Z) LG(O) =, (—1) (Z) .G(0).

We now argue that we can cancel G(¢) from both sides. Indeed, G(¢)? is
an integer which is prime to ¢, hence it admits an inverse m modulo ¢, so
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multiplying by G(¢) - m the two sides of the equation has the effect of canceling

G(¢). Thus, we get
9\ = (=% . (P
<p> = <q>'

From this follows

O

Proof (o_f the supplementary law). Let ¢ € ug be primitive; For concretenss, say
¢ = e*¥ . Notice that ¢? = i and therefore (72 = —i and so (> + ("2 = 0.
Denoting
g:=C+(H
(some version of Gauss sums) we obtain
G =+ =C+ T +2=2.
Now we calculate, quite similarly to previously:
p_1 p—1 2
=907 =927 59 (>
p
On the other hand, we have:

g =+ =P+

If p =g +1 this last expression is equal to g. If p =g 13, the last expression is
equal to

R e

2 —
g' ; :pg'€p

where for convenience we denote

1 ifp=g+l
€y = .
P —1 ifp=g+3

Thus, overall, we obtain

Now, since g> = 2 as in the previous proof we can cancel g and obtain

()=
G-

as desired. O

and thus
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7.6 Another proof of Gauss’s quadratic reciprocity
theorem

It seems that the following proof is due to G. Rousseau, and then independently
due to D. Kunisky.

Fix distinct odd primes p,q € Z>.
Recall the Chinese remainder theorem bijection, applied to invertible residue
classes:
ert) o Lo, — LY X LY
given by a = (frgth?(a), frgth?(a)) or more concretely [n]yq + ([n]p, [n]4). In

what follows, to simplify notation, we will abuse notation and identify Z;, with
L} < 7Y (in other words, instead of writing (crt )" (8,7), we will simply write

(8,7))-

For an odd integere d € Z>3, we define an equivalence relation on Z; given
by a ~ g if @« = 8 or « = —f. We will be interested in sets of representatives
for the equivalence classes. One such set we define as follows:

Hy={[Ha : ke{1,...,%}, ged(k,d) =1}

We will now describe three sets of representatives for the equivalence classes
in the case d := pq:

1. We take Hp,.
2. We take HE, := (crt),) " (Hp, x ).
3. We take H, := (crt) ) (Z) x H,).

We will now compute, for each such set H,

crt;q( H a) €Ly XLy,
a€H

It is clear that these will differ by =+, i.e. for two such (a1, 81) and (ag, 52), one
has either a; = as and §; = (B2, or a; = —ag and B; = —f5. By observing
the signs, we will obtain Gauss’s quadratic reciprocity law. For simplicity of
notation, denote P := ”2;1 and Q) := ‘I;zl.

(1) The result for H,, we calculate as follows. We need to calculate the
product of numbers between 1 and 24 which are relatively prime to pq,
modulo p (and analogously modulo ¢). First, those which are relatively
prime to p, but not to ¢, are (notice that % =Pqg+Q):

q,2q,...,Pq.
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Those which are relatively prime to p are (notice that we have %_1 =
Qp+ P):
L...,p=Lp+1l,....p+(p—-1);...;Qp+1,...,Qp+ P.

Thus, the desired residue class modulo p is

Pl - 09 Pl = () (O

(the equality by Wilson’s theorem and Euler’s criterion). Thus, the thing
to be computed is equal to

HEH--EIE

(2) The result for H, is

(1Pt ) = (1072 (Sl (51

(the equality in the g-coordinate is by Wilson’s theorem and Euler’s cri-
terion, while the equality in the first coordinate is by noticing that since
(PhYaL = (PY)?Q =, (-1)F - (p— 1)@ and thus by Wilson’s theorem
and Euler’s criterion =, (—1)F? (’71))

(3) The result for H}Y, is, analogously to the previous case,

—1 —1
([( . )]p (=075 )l
Notice that the p-coordinate of (3) differs from that of (1) by —(%). The

g-coordinate of (2) differs from that of (1) by 7(%’). Finally, (3) differs from (2)
by (—1)P®. Therefore, we obtain:

o ()--()
(- )

which is Gauss’s quadratic reciprocity law.

or
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Chapter 8

Gaussian integers

8.1 (aussian integers

Similalry to the case of integers, we have the following definitions:

Definition 8.1.1.

1. a € Z[i] is said to be invertible (or a unit) if there exists a b € Z[i] such

that ab = 1. Such a b is unique if exists, and written then a~".

2. a € ZJi] is said to divide b € Z[i] if there exists ¢ € Z[i] such that b = ac.
We write a|b if a divides b.

3. a,b € Z]i] are said to be associate if there exists an invertible u € Z[i] such
that a = bu. We will write a ~ b for a and b being associate. Equivalently,
a and b are associate if a|b and bla. Being associate is an equivalence
relation. An element is associate to 1 if and only if it is invertible.

4. a € Z[i] is said to be prime if a is not invertible and all divisors of a are
either associate to a or invertible.

Definition 8.1.2.

1. The norm of a € Z[i] is defined to be N(a) := |a|* € Z>o. Explicitly,
writting a = n + mi, we have N(a) = n? + m?.

2. The conjugate of a € Z[i] is defined to be, writing a = n + mi, a =
n—mi € Z[i].

Lemma 8.1.3.
1. Let a € Z[i]. Then a =0 if and only if N(a) = 0.
2. One has N(1) = 1.
3. Let a,b € Z[i]. One has N(ab) = N(a)N(b).
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4. Let a € Z[i]. One has a-a@ = N(a).

5. Let a € Z[i]. Then a is invertible if and only if N(a) = 1.
Proof.

1. Easy.

2. Easy.

3. Easy.

4. Easy.

5. Suppose that a is invertible. Then 1 = N(1) = N(aa™') = N(a)N(a™1).
Since the norms are elements of Zx1, this implies N(a) = 1. Conversely,
suppose that N(a) = 1. Then a-@ = N(a) = 1 and hence a is invertible,
with inverse a.

O

Proposition 8.1.4. The units of Z[i] are 1,—1,14, —i.

Proof. Clearly those are units. Conversely, given n 4+ mi € Z[i] a unit, one has
1 = N(n + mi) = n? + m?. But this can only happen if n? = 0,m? = 1 or
n?1,m? = 0, or put differently n = 0,m € {1,—1} or n € {1,—1},m = 0, from
which the claim is clear. O

8.2 Division with remainder

Proposition 8.2.1. Let a,b € Z][i], and b # 0. Then there exists a pair (q,r) €
Z[i)? such that N(r) < N(b) and a = gb+r. Given this, one has bla if and only
ifr=0.

Proof. First, given such (g,r), if » = 0 then clearly bja. Conversely, if bla, then
bl(a — gb) = r and so N(b)|N(r). Since N(r) < N(b), this can happen only if
N(r)=0,s0r=0.

Now let us proof the existence of such (g,7). We consider the complex
number ¢ € C. It is easy to see that there exists ¢ € Z[i] such that ‘% - q| < 1.
Then setting r := a — gb € Z][i], we have

N(r) = Ir? = la—abf? = b(5 )| = b2+ |5 — a]” < b2 = N(b).
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8.3 Ideals

We define ideals as in the case of Z:

Definition 8.3.1. An ideal I C Z[i] is a subset such that:

1. 0el.
2. Let a,be I. Thena+b € I.

3. Let a € I and b € Z[i]. Then ab € I.
As for Z, given ay,...,a, € Z[i] we define an ideal
(a1y...,an) :={b1a; + ...+ bpan : by,...,b, € Z[i]}.
We have a claim similar to the one we had for Z:

Theorem 8.3.2 (Principal ideal theorem). Let I C Z[i] be an ideal. Then there
exists a € Z[i] such that I = (a). Also, one has (a) = (b) if and only if a ~ b.

Proof. The uniqueness claim: For an element a € Z[i] and an ideal I C Z][i], one
checks easily that one has a € I if and only if (a) C I. Therefore, for a,b € Z[i]
one has a|b if and only if (b) C (a). Therefore a ~ b, i.e. a|b and ba, if and only
if (a) C (b) and (b) C (a), i.e. if and only if (a) = (b).

Now we proceed to the existence claim. Let I C Z[i] be an ideal. If I = {0}
then I = (0) and we are done. So suppose that I # {0}.Consider an element
0 # a € I with minimal possible N(a). Clearly (a) C I and we will show that
I C (a), so then I = (a) and we will be done. Thus, let b € T (we want to deduce
that b € (a)). We perform division with remainder and obtain b = ga + r with
N(r) < N(a). We have r = b — qa € I. Then by the minimality assumption,
we must have r = 0. Therefore b = qa, i.e. b € (a). O

8.4 gcd

We define the ged as for Z:

Definition 8.4.1. Let a,b € Z[i]. Then ¢ € Z[i] is said to be a ged of a and b
if c|a and c|b, and for every d € Z]i] such that d|a and d|b one has d]c.

Then it is easy to see that if ¢ is a ged of a and b, then an arbitrary element
d is a ged of a and b if and only ¢ ~ d. We show the existence of a ged’s by
using ideals (an approach using the Euclidean algorithm is also possible).

Claim 8.4.2. Let a,b € Z[i]. By the principal ideal theorem, we can write
(a,b) = (¢) for some ¢ € Z[i]. Then ¢ = gcd(a,b). In particular, the ged of a
and b can be expressed as da + eb for some d,e € Z[i].
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Proof. a € (c¢) and therefore cla. Analogously, c|b. If fla and f|b, we want to
show that f|c. But notice that we can write ¢ = da + eb for some d and e by
the definition of the ideal (a,b). Then clearly f|da + eb = c. O

For a,b € Z[i], we write ged(a,b) = ¢ in case ¢ is a ged of a and b. As before,
we define:

Definition 8.4.3. Let a,b € Z[i]. We say that a and b are relatively prime if
gcd(a,b) = 1.

For example, it is easy to see that a prime element a € Z[i] is not relatively
prime to an element b € Z[i] if and only if alb.

8.5 Unique factorization

To not make a confusion with the primes in Z, which can be interpreted as
elements of Z[i] but about whose primeness as such we have not yet meditated,
we will denote primes in Z[i] in the style p, q etc.

Proposition 8.5.1.

1. For every a € Z[i] there exists a (possibly empty) list of prime elements
P1,.--sPn € Z[i] such that

a~P1-... Pp-
2. If for two lists of primes p1,...,p, and q1,...,q;, one has

Preoo P~ g1 Om,

then for every prime elemetn p € Z[i], the number of 1 < i < n such that
p ~ p; is equal to the number of 1 < j < m such that p ~ q;.

Proof. (complete) O

8.6 Splitting

Let p € Z>1 be a prime. We consider now p as an element of Z[i], and study
whether it is prime as an element of that ring. We have N(p) = p?. Therefore,
in the prime decomposition of p in Z[i] there are either 1 or 2 primes. There
are therefore three possibilities:

1. p stays prime in Z[i]: p is a prime in Z[i].

2. p splits in Z[i] and more specifically splits completely: p is associate to a
product of two non-associate primes.

3. p splits in Z[i] and more specifically ramifies: p is associate to the square
of a prime.



8.7. SUM’S OF TWO SQUARES 67

Theorem 8.6.1. Let p € Z>1 be a prime. The following are equivalent:

1. p splits in Z][1].

2. p is the sum of two squares in Z.

3. Fitherp=2 orp=41.

4. [-1], is a square.
Proof. (1) = (2): Let a + bi be a prime factor of p. Then, since N(p) = p?,
we must have a? + b = N(a + bi) = p.

(2) = (3): The only square in Z4 are [0]4 and [1]4, so the implication is
easy to check.

(3) = (4): We studied this.

(4) = (1): There exists n € Z such that n? =, —1. Now we have two
elements in Z[i] whose square modulo p is —1, and which do not differ by +1:
n and i. We have n? —i? =, 0 and so (n —i)(n +1i) =, 0, i.e. p|(n —i)(n +1i),
but: neither p|n —i nor p|n+i (since n #, +i). This implies that p is not prime
in Z[i], by definition, and so splits in Z[i], by definition. O

For completeness, we also want to see:
Claim 8.6.2. Among the primes in Z, 2 is the only one which ramifies in Z[i).

Proof. First, we have 2 = (1 +)(1 — ¢) and notice that (1 — i) = (=) - (1 4 1),
so 1 —i ~ 1414, therefore 2 ramifies in Z[i].

Now, if conversely p € Z>; is a prime which ramifies in Z[i], we write a + bi
for a prime factor of p. Then as we said above, we have p = N(a+bi) = a® +b°.
Therefore p = (a + bi)(a — bi), and this is the prime decomposition of p in Z[i].
Clearly both a # 0 and b # 0. We want now to see that if a — bi ~ a + bi then
p = 2. Indeed, one easily sees that this implies that b € {a,—a}. But then ia
divides a+ bi, and since a+ bi is prime this is only possible if @ € {1, —1}, which
implies that a + bi € {1+14,1 — i}, and then p = 2. O

8.7 Sum’s of two squares

Let us reiterate what we got in Theorem 8.6.1.

Corollary 8.7.1 (Fermat’s theorem). Let p € Z>1 be a prime. Then p is a
sum of two integer squares if and onyl if p=2 or p=4 1.

We want now to characterize all integers n € Z>; which are sums of two
integer squares.

Lemma 8.7.2. Let p € Z>1 be a prime, and assume that p =4 3. If, for
a,b € Z, one has pla® + b%, then pla and plb.
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Proof. We say in Theorem 8.6.1 that p stays prime in Z[i]. Therefore, p|a® + b2,
which can be rewritten as p|(a + bi)(a — bi), implies that pla + bi or pla — bi.
Both are equivalent to p|a and plb. O

Theorem 8.7.3. Let n € Z>1. Denoting by ord,(n) the exponent of p in the
prime decomposition of n, we have that n can be written as the sum of two
squares if and only if every prime p € Z>1 such that p =4 3, satisfies 2|ord,(n).

Proof. If the condition 2|ord,(n) is satisfied for all primes congruent to 3 modulo
4, then n is the product of numbers which are either squares or primes congruent
to 2 or 1 modulo 4. We already know that each such is a sum of two integer
squares, and since the product of sums of two squares is again a sum of two
squares, the desired conclusion is clear.

Let us assume conversely that n can be written as the sum of two squares.
We proceed by induction on n.If n = 1 or n is a prime, we already know the
claim. If all the prime factors of n are congruent to 2 or 1 modulo 4, the claim
is clear. Suppose therefore that there exists a prime factor p of n which is
congruent to 3 modulo 4. Write n = a? + b? for a,b € Z. Then p|n = a? + b?
and by the previous lemma we have p|a and p|b. Therefore p?|a?+b* = n. Hence

we can write Sz = (%)2 + (%)2. Therefore, by induction, all the exponents of
primes congruent to 3 modulo 4 in the prime decomposition of p% are even, and

thus this also holds for n. O



Chapter 9

Continued fractions

9.1 Continued fractions

Definition 9.1.1. A real continued fraction is a sequence (ng; ny,na,...) where
there can appear either finitely many terms after the semi-colon, or infinitely
many, and where ng € R and ng,...,n; € R>1. We will say that the real
continued fraction is simply a continued fraction if all the n; are integers. The
associated value of a finite real continued fraction (ng;ni,...,ng) (by abuse of
language, also called a finite real continued fraction) is

1

(no;ny,...,ng) i=ng + T
m na2+ 1
n 1
st "k71+ﬁ
In other words, we define recursively
(no;) :==mo
and 1
(nosna, ..., npg) =g + (13 m2s k)
1,702y .-y Tk

9.2 The continued fraction associated to a real
number

Let us describe how to associate a continued fraction to a real number. For a

0 # x € R we denote by |z] the biggest integer not bigger than x.

Let a € R. Set ag := a. Suppose that we have already constructed
nog,N1,...,Ng—1 € Z and ag,...,ar € R with n; > 1 and a; > 1 whenever
1 > 0, such that:

a={ng;ny,...,Ng—1,0a)

69
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for all 0 < ¢ < k (clearly we have just done so for k := 0). Then we define
ng := |ar]. If ax is an integer (so ny = ay), we stop here. In particular, in that
case a is rational, as

a = (no;ni,...,nk).
. L 1 . .
Otherwise, we set agy1 = e € R~ and continue recursively.
Suppose that a is rational. We write a in reduced form a = Z’f (so

m_g,m_1 € Z and m_; > 1). Apply the Euclidean algorithm: Define m;
recursively, for 7 > 0:

Mi—o = ¢mi—1 +m; (¢;,n; € Z,0 <m; <m;_1)

stopping when m; = 0. Set k € Z>o to be the number at which we stop,
so my = 0. Notice that ¢; = |2=2] for all 0 < ¢ < k. Therefore, we verify

mi_—1
recursively that n; defined above is equal to ¢;, for 0 < ¢ < k and that a; defined
above is equal to =2 for 0 < i < k. Indeed, for i = 0 this is clear, and we have

MyG—1

established that for some i < k, then

1 1 m;—1

Ai+1 = :
Ry (=) my

and

mi—1

n; = la;] = | ] =a.

m;

We deduce that the continued fraction associated to a real number a is finite
if and only if a is rational.

Example 9.2.1. write down example of golden section

9.3 Partial convergents

Let (ng;nq,...) be a real continued fraction (finite or not - if not, we will denote
by k € Z>( the last integer for which ny is still defined). We will define r; and
s; recursively. Namely, set

r_o9 = 0, r_1 = 1

and

Ty =MNTi—1 +Ti2
for 0 <4 recursively (if the real continued fraction is finite, we only continue till
i =1k). Also, set

S_9 = 17 S_1 = 0
and

Si = MNiSi—1 + S;i—2
for 0 < i < k rescursively (if the real continued fraction is finite, we only continue
till 4 = k). Note that so = 1, s1 = ny and s; > s;_1 + 1 for i > 2, so we see
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in particular that s; > 4 for all 0 < i. Also, note that if we are dealing with a
continued fraction (i.e. all the n; are integers) then all r; and s; are integers as
well.

Claim 9.3.1. For 0 < ¢ (if the real continued fraction is finite, then we also
assume ¢ < k) one has

Te

(no;nl,...,n¢> = —.

S
Proof. For £ = 0 this is immediately checked. Recursively, assume that we are
given £ > 1 and we know this claim for ¢ — 1 (for all real continued fractions).
We then calculate:

1 (nza + n%) “Tg—2 + T3

ne; N1, --.,Np) =(No;N1ye.. Np_2,Np_1+ —) = =
< 0, 701, 3 > < 05 It 5 2 1 Tlg> (n[_l—f—nfle)'Sg_Q-f-Sg_g

(ne—ame+Drgo+mnere—z ng(ne_1re o +re3) +re o mere_1+re o Ty

(ne—1ne +1)sg—o +ngse—3  ne(ne—15e—2 +50-3) + 502 NMgse—1+ 502 S
O
Claim 9.3.2. For 0 < ¢ (if the real continued fraction is finite, then we also
assume £ < k) one has

Tese—1 — sere—1 = (—1)FTL

Proof. For £ = 0 this is immediately checked. Then, assuming this holds for

some £, we perform the induction step:

rer1Se—ser1re = (nere+re—1)se—(nese+se—1)re = re_150—sp_1re = —(—1)T = (=1)7F2
O

Corollary 9.3.3. Suppose that our real continued fraction is a continued frac-

tion (i.e. all n; are integers). For 0 < £ (if the real continued fraction is finite,
then we also assume £ < k) one has sg > 0 and ged(rg, s¢) = 1. Thus,

Ty
(nosni,...,ne) = —
Sp

18 a reduced expression.

Proof. We have already noted above that s, that s, > 0. From the formula in
Claim 9.3.2 it is clear that gcd(rs, s¢) = 1. O

Corollary 9.3.4. For 0 < ¢ (if the real continued fraction is finite, then we
also assume £ < k) one has

Q To_1 _ (_1)£+1

S¢ Se—1 SeSe—1
In particular we have, for 2 < £:

r Te_1 1

4
< .
Sy Sp_1' f(g — 1)
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Corollary 9.3.5. Suppose that our (ng;ni,...) is the continued fraction asso-
ciated to an a € R (which might be finite or infinite, depending on whether a is
rational or not). For 1 < ¢ (if the real continued fraction is finite, then we also
assume ¢ < k) one has

=< oy
se' T (0+ 1)

Proof. If ¢ is the last integer for which ny is still defined, then a = Z—i and the
claim is clear. Otherwise, consider the real continued fraction (ng;n1, ..., ne, Go41
and the corresponding sequences

T0y -y 70, Tygy
and

505550, 82+1'
We then have ,

Yo T T 1
o 2= |22 - T

Se Spep S0 T (L+ 1)

9.4 Convergence

Definition 9.4.1 (Convergence of a sequence).

Theorem 9.4.2. Let a € R be irrational, and let (ng;nq,...) be the associated
continued fraction. Then

a = lim (no;ni,...,ng).
k—o0
Proof. By the above, we have
Tk 1
o= tmosm, - me)] = o= 2| < gy

and so the claim is clear. O

9.5 Periodicity

9.6 (Good approximation

Proposition 9.6.1. Let a € R and d € Z>,. Then there exists a reduced
fraction % such that 0 < m < d and
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Proof. Denote by (ng;ni,...) the continued fraction associated to a (which
might be finite or infinite) and by rg, ... and o, . . . the corresponding sequences.
If there does not exists £ > 0 for which s, is defined and s, > d, then we
must have that the continued fraction is finite (and so a is rational) so, if it is
(no;ni,...,ng), we have
a=(ng;ny,...,ng) = Tk
Sk
and so ,
a- "] =0
Sk

and s < d, and thus we are done.

We therefore now assume that there exists £ > 0 for which sy is defined and
s¢ > d. Let us understand now by ¢ the minimal such ¢. Notice that ¢ > 0 (as
so=1) and sp_1 <d,s; > d+ 1. We have:

7"[;1 A 1 1

<
sg' T 'sp—1 s s¢e—15¢ — se—1(d+1)

SO m = Sy_1 is as we want.

9.7 Sums of two squares

We want to show that a prime p € Z>; which is congruent to 1 modulo 4 can
be written as a sum of two integer squares. We learned that [—1], is a square,
so there exists an integer 0 < n < p such that n? =, —1. Then for all m,k € Z
we have m? + (nm + pk)? =, m? + (nm)? = m?(n? + 1) =, 0. Therefore, if we
can find m, k € Z such that 0 < m < /p and 0 < nm + pk < /p, the number
m? + (nm + pk)? will be both divisible by p and lying in (0, 2p), so will must be
equal to p, showing that p can be written as the sum of two integer squares.

We can rewrite the inequalities as searching for m, k € Z such that 0 < m <
n

/P and 0 < |% + %| < L\/ﬁ' By the above Proposition, setting a := > and

m

d:= |\/p), we can find k,m € Z with 0 < m < [,/p| such that
n k 1
[

p m

m(L/p) + 1)

The first inequality implies 0 < m < /p and the second inequality implies

LA
p m my/p

so we get what we wanted.
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Chapter 10

Some amusements

10.1 Perfect nubmers and Mersenne primes

Definition 10.1.1. A number n € Z>; is said to be perfect if it is equal to the
sum of its positive divisors, except itself:

n:Zd.

1<d<n
d|n

Example 10.1.2. The number 6 is perfect:

6=14+2+3.
Definition 10.1.3. A number n € Z>; is said to be triangular, if it is of the
form1+2+...+k= k(k+1) for some k € Z>;.

2

Definition 10.1.4. A prime p is said to be a Mersenne prime, if it is equal to
2" — 1 for some n € Z>.

Theorem 10.1.5 (Euclid-Euler). The even perfect number are exactly the tri-
angular numbers 1 +2+ ...+ p where p is a Mersenne prime. Equivalently, but
less juicy, of the form

2n—l(om — 1)

where n > 1 and 2™ — 1 is prime.

Remark 10.1.6. It is not known whether there are infinitely many Mersenne
primes or not (there are 51 known Mersenne primes, as of December 2018);
Thus, it is not known whether there are infinitely many even perfect number or
not. In addition, it is not known if there are any odd perfect numbers.

To prove the theorem, we would like to study some important multiplicative
functions.

(0]
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Definition 10.1.7. A function f: Z>1 — Z>; is said to be multiplicative if
f(nm) = f(n)f(m)
whenever m,n € Z>; are relatively prime.

Definition 10.1.8. Define
or(n) = Z d.
deZZl
d|n

Remark 10.1.9. For example, op(n) is equal to the number of divisors of n,
while o1(n) is equal to the sum of divisors of n.

Claim 10.1.10. The functions oy are multiplicative.

Proof. Forn € Z>1, denote by D,, C Z>; the set of divisors of n. Let m,n € Z>;
be relatively prime. It is easy to see that one has a bijection

Dy, X Dy = D
given by (a,b) — ab. Therefore:

or(mn) = Z dr = Z (ab)k = ( Z ak>-< Z bk> = or(m)-or(n).

d€D a€D,,,beD, a€D,, beD,,

O

Proof (of Theorem 10.1.5). Assume first that n is such that 2™ — 1 is prime.
We want to show that m := 2"71(2" — 1) is perfect. We need to show that
o1(m) = 2m. Indeed:

o1(m) = 012" Hoy (2" 1) = (14+2+.. 42" 1) (14+(2"-1)) = (2"—1)-2" = 2m.
Conversely, let m be an even perfect number. We can write m = 2F¢ with
odd /. We easily see that ¢ £ 1. We have
2810 = 9m = oy (m) = (2¥H — 1) - 01 ().
Therefore 25+ — 1|¢. If 281 — 1 # ¢ we have

4
O‘l(f) Z 12 + 14+ m
SO
14
(25 — Doy (0) > 2" — 1) (e + 1+ ) = ohtlp  ok+l _q 5 okl

This is a contradiction, therefore we must have 25¥1 — 1 = ¢. Thus we obtain
(L+1)t=1-01(0)
so 01(¢) = £ + 1. Therefore ¢ is prime. O
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10.2 Uncategorized amusements

Proposition 10.2.1. Let n € Z>1. Then n is a square if and only if oo(n) is
odd.

Proof. Write n = p{*...p¢". Then
oo(n) =(e1+1)...(e, +1).

Therefore, og(n) is odd if and only if all e;’s are even, which clearly happens if
and only if n is a square. O



